[ Downloaded from ijop.ir on 2026-05-27 ]

International Journal of Optics and Photonics (1JOP)

Vol. 18, No. 2, Summer-Fall, 2024

A Mathematical Model for Estimating the Effective
Thermal Conductivity of Photonic Crystal Fiber
Cladding with Honeycomb Lattice Structure

Maryam Karimi

Faculty Member of Photonic and Quantum Technology Research School, Nuclear Science and
Technology Research Institute, AEOI, Tehran, Iran.

Corresponding Author Email: mykarimi@aeoi.org.ir

Received: June 20, 2026, Revised: Ja. 24, 2026, Accepted: Feb. 01, 2026, Available Online: Feb. 03, 2026,
DOI: Due to the current conditions, there is no possibility to buy DOI for papers. We hope to buy them as soon as possible.

ABSTRACT— This study introduces a novel
analytical model for estimating the effective
thermal conductivity of photonic crystal fibers
(PCFs) with a honeycomb lattice cladding. This
innovative model allows for the estimation of
thermal conductivity across layers and the entire
honeycomb structure for a wide range of hole
diameters and inter-hole spacings, eliminating
the need for specialized simulation software. As
an analytical model, it offers higher
computational accuracy compared to previous
methods. Unlike triangular lattices, the modeling
process explicitly considers the two distinct unit
cell types inherent to the honeycomb lattice.

Using the proposed method, we evaluated the
thermal conductivity of honeycomb-structured
PCFs for various hole sizes and pitches. Results
indicate that thermal conductivity stabilizes with
an increasing number of layers, and the air
filling fraction plays a dominant role in thermal
performance, leading to a significant reduction
in conductivity. This work enables the rapid
optimization of PCFs for high-power laser
applications (e.g., Air-Si PCFs) and low-loss
sensors (e.g., H.-ZBLAN PCFs), with direct
implications for thermal stability in optical
systems.
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|.INTRODUCTION

Honeycomb structures have gained increasing
attention in recent decades due to their superior
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mechanical strength, lightweight nature, and
high surface-area-to-volume ratio, making
them ideal for applications involving
mechanical loading, impact resistance, and
thermal management [1-3]. Their geometric
stability and natural occurrence at both micro-
and nano-scales make them especially
attractive in biological systems and engineered
materials [4, 5].

Honeycomb structures are increasingly used in
engineering constructions subjected to dynamic
stresses, including earthquakes, explosions, and
strong winds [6], mechanical systems [7],
energy-absorbing  panels [8], chemical
engineering [9], and materials science [10]. The
mechanical robustness and efficient thermal
conduction paths  within honeycomb
geometries make them suitable for demanding
operational environments. Recent studies have
also utilized honeycomb porous networks in
polymer thin films [11], activated carbon
scaffolds [12], and metallic or ceramic cellular
structures [13].

In the domain of photonics, honeycomb-lattice
photonic  crystal  fibers (PCFs) have
demonstrated potential for enhanced mode
control, dispersion engineering, and heat
dissipation [14]-[17]. Compared to
conventional triangular lattice PCFs, the
honeycomb arrangement involves two distinct
unit cell geometries, introducing analytical
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challenges in  modeling  their thermal
performance.
Although  several numerical and semi-

analytical methods have been proposed to
evaluate thermal conductivity in porous and
composite media [18-22], there is a growing
demand for lightweight, analytical tools that
can estimate the effective thermal conductivity
of such complex structures with minimal
computational overhead.

In this paper, we propose an analytical model
based on thermal resistance networks to
determine the effective thermal conductivity of
PCFs with honeycomb-lattice claddings. The
model accounts for geometrical variations in
hole size and spacing, offering high-accuracy
results without reliance on specialized
numerical simulation tools.

Il. MODELING THE EFFECTIVE
THERMAL CONDUCTIVITY OF
PHOTONIC CRYSTAL FIBERS WITH
HONEYCOMB CLADDING GEOMETRY

Figure 1 shows a PCF cladding with
Honeycomb Lattice Structure. In reference [7],
a method for determining the effective thermal
conductivity of a hexagonal unit cell along
different orientations with respect to the heat
flux direction is presented.

./'

Fig. 1. PCF cladding with Honeycomb Lattice
Structure and heat flux direction.

The honeycomb structure consists of two types
of unit cells that illustrated in Fig. 2: those with
holes and those without. The hole-free unit cells
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can be modeled as a single thermal resistance
characterized by the thermal conductivity of the
glass material. The total area of a unit cell is
depending solely on the spacing between holes.
On the other hand, the unit cells containing
holes are composed of two materials—glass
and air—which requires calculating an
equivalent thermal resistance that accounts for
both phases. To determine the effective thermal
conductivity of these hole-containing unit cells,
the cell is divided into five thermal resistances
connected in a network that forms an equivalent
thermal circuit.
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Fig. 2. Two types of Unit cells a, with, ¢, without
hole. equivalent thermal resistance network, at unit
cell b- with, d, without hole.

The effective thermal conductivity of a unit cell
is calculated using the following relationship
[23]:
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— 2|‘Si—l + - (1)
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where S, , represents the triangular area

portions at the top and bottom of the hole-
containing unit cell; S, , and S, denote the

middle area and the total area of the hole-
containing unit cell, respectively. For the case
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where the heat flux is applied perpendicularly
to the unit cell, the total cell area equals

S =+3A%/2 | and the hole area is
Sy a1 =+3d(4A—d)/6. The lengths Ly, ,
L, ..and Ly ., correspond to the lengths of

the triangular region, the middle region S ,, ,

(equal to the hole diameter ‘d’), and the
effective length of the unit cell A, respectively.
The thermal conductivities kg , kK, , , and

Ky con denote the thermal conductivity of the

glass material, the hole (air), and the effective
thermal conductivity of the hole-containing unit
cell, respectively. Reference [7] thoroughly
explains the methodology for determining the
effective thermal conductivity of the hole-
containing unit cell. In the honeycomb lattice,
the arrangement of unit cells in the first layer
resembles atriangular lattice. In other wards the
first layer of the honeycomb lattice consisting
of six hole-containing unit cells and the
equivalent thermal resistance circuit of the first
layer has six identical resistors. However, in the
second layer, the hole-containing unit cells
alternate with hole-free unit cells. Figure 3(a)
illustrates an example of the second layer of
unit cells, while Fig. 3(b) depicts the equivalent
thermal resistance circuit of this layer.

The thermal resistance of the second layer
consists of six thermal resistances from the
hole-containing unit cells connected in parallel
with six thermal resistances from the hole-free
unit cells. Other layers in the structure follow a
similar configuration and are divided in the
same manner. The equivalent thermal
resistance circuit model is designed such that
each part of the unit cell—including glass and
air sections—is represented by separate
resistances connected in series and parallel
arrangements. This model allows researchers to
easily analyze the effects of variations in hole
size and spacing and predict their impact on the
overall effective thermal conductivity of the
structure. In the equivalent thermal-resistance
network, each resistor represents a specific
radial segment of the PCF cladding
characterized by its own geometry and thermal
conductivity. the thermal resistance of each
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section is first computed individually, and then
the total effective resistance of the cross-section
is evaluated using appropriate series and
parallel combinations according to the physical
configuration of the glass and air regions.
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Fig. 3. (a) The second layer of the honeycomb, (b)
Equivalent thermal resistance circuit of the second
layer.

Furthermore, this model can be applied in
thermal simulations of the entire photonic
crystal fiber with a honeycomb cladding
structure, where heat transfer from the fiber
core to the cladding is of particular importance.
Therefore,  having an  accurate  and
computationally efficient analytical model for
the effective thermal conductivity can aid in
optimizing fiber designs and improving their
thermal performance.

The total thermal resistance of parallel elements
is calculated using the following relation:
1 n 1

=2 , )

i=1 Reff —cell (i)

R

eff —layer(n)

where Ry, . IS the thermal resistance of the

ith  hole-containing unit cell. The most
influential parameter affecting the effective
thermal resistance value is the radius of the
hole. As the hole radius increases, the effective
thermal resistance approaches the thermal
resistance value of the material that fills the
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hole (i.e., air). Each layer consists of 6n unit
cells. In atriangular lattice, all unit cells contain
holes, whereas in the honeycomb lattice, a
combination of hole-containing and hole-free
unit cells is present. All unit cells in every
layer—whether with or without holes—are
connected in parallel. The calculation of the
effective thermal conductivity for the ith layer
depends on the layer number, unlike the
triangular lattice where only one computational
case exists.

The resistance of each individual unit cell is
itself an effective value, calculated from its
internal series-parallel network of glass and air
segments (as shown in Figs. 2(b) and 2(d), and
depends on its specific orientation within the
lattice [24].

In the honeycomb lattice, three distinct cases
arise depending on the numerical value of n (the
layer number). The effective thermal
conductivity for these three cases is calculated
as follows. If the layer number n+2 is a multiple
of three, or equivalently for n+2=3k, or in other
words n= {4, 7,10,13,16,19, 22, 25, 28,...},

then the effective thermal conductivity is
determined by:
k =

eff —layer—n

k k. 2 tr) 1 3)
Kk +> k| 0="=|+=k_, (0=0),
n ml ; n cell ( 3n ) n cell ( )

The honeycomb lattice exhibits a periodic
pattern in the sequence of unit cell types (with
and without holes) across consecutive layers.
Equation 3 provides a generalized analytical
expression  for  the layer's effective
conductivity, derived by applying the parallel
resistance model to this repeating pattern. In
this case t=2,5,8,11,14,17,20,... andtisareal
number. If the layer number n is a multiple of
three, i.e., n={3,6,9,12,15,18,21, 24,30} , then

tin Eq. (3), is t=3,6,9,12,15,18,... nisodd.

If the layer number n+1 is a multiple of three,
ie, n={2,58,1114,17,20,23,26,29,...}, then

the maximum value between k and k—1 is
swapped and t=1,4,7,10,13,16,19, .
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Each layer has its own effective thermal
conductivity, and the overall effective thermal
resistance of the honeycomb lattice network is
obtained by summing the resistances of the
individual layers. Along the direction of heat
flux propagation, the layers are connected in
series; thus, the total effective thermal

n
resistance i Rrgm = ). Ref er - Where

i=1

Rt iyeri 1S the effective thermal resistance of

the ith layer and R,, is total thermal

resistance of honeycomb lattice structure. In
reference [7], a one-dimensional model and
radial heat propagation are assumed. Therefore,
Fourier’s law for cylindrical surfaces is not
considered, which introduces computational
errors at the macroscale. To improve this
computational approach, instead of assuming
heat transfer in a planar layer, heat transfer is
modeled in cylindrical layers with different
thermal conductivity coefficients.

The thermal resistance of a cylinder with length
L, inner radius ri, and outer radius ry is
expressed as Ry, =Ln(r,/r)/2zK, L [7].
Accordingly, the effective thermal conductivity
of the honeycomb structure is given by:

. L oM l. @)

Total Ln(n+l)izzl“ k

Clyn

eff —layer—i

where n is the number of layers surrounding the
central heat source.

I 11.NUMERICAL SIMULATION RESULTS

Photonic Crystal Fibers (PCFs) can be either a
hollow core or a solid core. The light guiding
mechanism are different in these two types of
PCFs. The constituent materials of these fibers
can vary depending on their industrial,
laboratory, or research applications. Common
materials used to form the PCF structure
include silica glass, specialty glasses (such as
fluoride, chalcogenide, etc.), polymers like
PMMA and polycarbonate, and also hybrid and
composite materials combining silica with
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polymers or nanomaterials to enhance optical
and mechanical properties. Among these, silica
is the most common material for PCF
fabrication, especially in optical
communication applications, due to its low loss
in the infrared range and its suitability for
creating complex structures with numerous air
holes.

In addition to air, other substances are also used
to fill the holes within photonic crystal fibers.
Common  hole-filling  materials  include
hydrogen (H:), nitrogen (N:), argon (Ar),
krypton (Kr), and SFs (used for nonlinear and
sensing applications). These types of fibers are
employed in gas sensing through spectroscopic
absorption and for enhancing nonlinear effects
(such as Raman scattering). There are also
reports of filling holes with solid materials
(nanoparticles or polymers), which are
primarily for research purposes. Various
methods exist for sealing the ends of the fiber
to prevent gas leakage from the holes. These
include, Physical Sealing of Fiber Ends, such as
Thermal Fusion (Heat Fusion): Using heat to
collapse and seal the holes at the fiber end.
Epoxy or UV-Curable Adhesives, such as
Applying specialized glues that cure with heat
or UV light to seal the openings. Thin-Film

Deposition: Applying thin layers of material to
the fiber ends. This includes, Atomic Layer
Deposition (ALD). Such as A precise thin-film
deposition  technique.  Polymer  Coating:
Applying a polymer layer to seal the fiber ends.

In this paper, two structural compositions, air-
Si and H2-ZBLAN, are simulated and
compared. The aim of this work is to
demonstrate why photonic crystal fibers made
of the Air-Si combination are used as amplifiers
and lasers, while fibers made of H2-ZBLAN are
employed in low-power optical applications
such as sensors.

The simulation procedure used in this work
follows the analytical-numerical method
developed in our previous publication [24]. In
this method, the photonic crystal fiber (PCF)
cladding is divided into radial layers, each
composed of 6i identical unit cells in the i-th
layer. The thermal resistance of each unit cell is
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calculated using the relations derived in [24, 25]
based on the geometrical configuration and
material conductivities of glass and air. The
unit-cell resistances within the same layer are
combined in parallel, and the layer resistances
are connected in series to obtain the total
effective thermal resistance of the cladding.

Using the theoretical model presented in this
paper, the overall thermal conductivity of the
photonic crystal fiber cladding with a
honeycomb structure is determined. Three steps
are required to achieve the proposal. First, Unit
Cell Thermal Conductivity must be determined.
Then using Eq. 3, the thermal conductivity
calculates in each layer. At the end the effective
thermal  conductivity of the structure
determines in the PCF with the honeycomb
structure. The thermal conductivity values for
all materials used in this simulation are
presented in Table 1.

Table 1. Thermal conductivity coefficients in various
materials.

Material Therm(z:}\/ (;?r?dKl;ctlwty
Si 137
ZBLAN 0.7
Air 0.026
H. 0.182

Figure 4 illustrates the variations in the thermal
conductivity coefficient of the hole-containing
region of the unit cell (the middle region in
Figs. 2(a) and 2(b) for different values and
0==,=,=,—, — of the unit cell, based on
6 9'15 1218

the changes in the hole diameter. This is shown
for a PCF with two distinct structures. The
arrows, directed from left to right in the figure,
represent an increasing trend in the A values,
which range varies from 1 to 19 zm.

As observed in Fig. 4, for all values of d and A,
a set of solutions is plotted for different &
values. These solutions are closely grouped,
meaning that rotating the unit cell in the
direction of the heat flux has little effect on the
thermal conductivity coefficient of the hole-
containing region and thus the overall thermal
conductivity of the unit cell. For each constant
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A value, there exists a specific point of d on the
graph  where the thermal conductivity
coefficient for all & values become the same.
This value is approximately 0.5 W/m-K for the
Air-Si fiber structure, and approximately 0.28
W/m-K for the H2-ZBLAN fiber structure.

r = T = A1]

6 9151218

—, Air-Si

Kina owmlkh

Hole Diameter, d (um)

Fig. 4. Thermal conductivity of hole-containing

region of unit cell for ==, =, — =, — in

6 9 15 12 18
different unit cell sizes in honeycomb PCF structure
with Air-Si and H2-ZBLAN materials.

0.8
0.7
Air-Si
0.6
0.5
0.4
H:-ZBLAN
0.3

0.2

Unit Cell Thermal Conductivity (W/mK)

0.1 : : : :

0.2 0.4 0.6 0.8 1
Filling Factor(d /A )

Fig. 5. Unit Cell Thermal Conductivity with respect

to filling factor d/A for 9:%.

For any constant A, as the hole diameter (d)
increases, the thermal conductivity of the hole-
containing region decreases. This trend aligns
with the increase in gas presence in the hole-
containing region and the consequent rise in the
thermal resistance of the material. The rate of
decrease in thermal conductivity is more rapid
for smaller A values. The thermal conductivity
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changes in the hole-containing region of the
photonic crystal fiber made from the Air-Si
combination range approximately from 0.1
W/m-K to 0.8 W/m-K, while for the fiber made
from the H2-ZBLAN combination, this range is
also from 0.1 W/m-K to 0.8 W/m-K.

Figure 5 illustrates the variations of the thermal
conductivity of Unit Cell with respect to filling factor

d/A for .9:%.The Filling Factor represents the

ratio of the filled space (e.g., air or Hy) to the
total volume of the unit cell. The blue Line
shows (Air-Si) unit cell thermal conductivity
results.

As observed in this Figure, with an increase in
the “Filling Factor” (i.e., an increase in the air
content within the cell), the unit cell thermal
conductivity gradually decreases, approaching
to the thermal conductivity of air. This trend is
logical. Even when the Filling Factor reaches
near one, the thermal conductivity decreases to
approximately 0.15W/mK but does not become
exactly equal to that of air thermal conductivity.
This is because the unit cell has a hexagonal
shape, and even when the side length of the unit
cell equals the diameter of the hole within it,
there remains some volume of the unit cell
occupied by the solid cell-forming material.
The red Line in this figure correspond to the
PCF made of (H2-ZBLAN): This line
corresponds to a system composed of H2
(hydrogen) and ZBLAN (a type of fluoride
glass). In this case, too, with an increase in the
“Filling Factor” (i.e.,, an increase in H2
content), the unit cell thermal conductivity
decreases. However, the overall thermal
conductivity values for this system are lower
than those of the Air-Si system. For example, at
a Filling Factor close to 0.1, the thermal
conductivity is approximately 0.38 W/mK, and
as the Filling Factor increases to 1, this value
reaches approximately 0.16 W/mK. This
implies that H2-ZBLAN is inherently less
thermally conductive compared to Air-Si, or
that ZBLAN itself is less conductive than Si.
The process of change is the same for the other
angles. This figure provides the foundation for
subsequent calculations, demonstrating how the
material composition and their ratios within the
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smallest building block (the unit cell) influence
thermal conductivity. For a constant d/A by

increasing in the 'd' or A values, there is no change
in the graph. The variations in unit cell thermal
conductivity as a function of the filling fraction
are solely dependent on the types of the core
and hole-filling materials.

1.2

Air-Si

Layer Thermal Conductivity (W/mK)

Laver index

Fig. 6. Layer thermal conductivity as a function of
layer number in PCF with honeycomb lattice
structure.

Figure 6 illustrates the variation of layer
thermal conductivity as a function of layer
number. Each group of curves corresponds to a
specific combination of materials used in the
unit cell and its hollow region. The direction of
each arrow indicates the increasing trend of
parameters d and A. However, despite their
concurrent increase, thermal conductivity of
layer exhibits opposite behaviors: increasing
the unit cell size A for constant d cause to
enhances the thermal conductivity coefficient
of layers, whereas increasing d suppresses it, as
reflected by the upward and downward arrows,
respectively. In Fig. 5, the unit cell size varies
from 5 to 19 micrometers, and the filling
fraction ranges from 0.1 to nearly 1. The upper
set of curves corresponds to photonic crystal
fibers (PCFs) composed of Air-Si. By adjusting
d and A, the layer thermal conductivity can be
tuned between approximately 0.5 and 1
W/m-K. As observed in the figure, increasing
the number of layers—i.e., increasing the
number of unit cells in the thermal resistance
network—causes the layer thermal
conductivity to approach a constant value. For
larger unit cells or larger A value, increasing the
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number of layers beyond seven results in
minimal fluctuations in thermal conductivity of
layers. In other words, the even or odd number
of layers—which determines the proportion of
non-hollow  unit cells—has  diminishing
influence on the effective thermal conductivity
of layers as the layer count increases. The lower
set of curves corresponds to PCFs made of H-
ZBLAN. Although the trend of thermal
conductivity variation is similar for fibers with
the same geometry but different material
compositions, the range of variation is smaller
in the H.-ZBLAN-based PCF, where the
thermal conductivities of the two constituent
materials are relatively close. In this case,
changing the spacing between the hollow
regions from 5 to 19 micrometers results in
thermal conductivity variations between 0.2
and 0.5 W/m-K, with overall values around or
slightlty below 0.5 WI/m-K. Moreover,
increasing the number of layers beyond five
further reduces the amplitude of these
variations, indicating a convergence toward a
stable thermal conductivity value.

1

2 Air-Si -
= + A
= |
- 1
< 0.8 F-d
£ [
f |
Z 0.6 1
° | |
; \" ) djA
= £ o e
£ 04! = 5 ‘v
s — v
E i H:-ZBLAN dfA
s 0.2
s
0 5 10 15 20 25 30

Number of Lavers

Fig. 7. Effective thermal conductivity of the PCF
with Honeycomb lattice structure with respect to
Number of layers.

Figure 7 shows total thermal conductivity
(W/mK) of PCF with honeycomb lattice
structure as a function of the number of layers.
The “effective” thermal conductivity represents
the final value calculated for the entire structure
using the thermal resistance network method
(series between layers). The upper set of dashed
lines corresponds to the photonic crystal fiber
made of Air-Si. Each curve within this set
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represents a specific filling fraction, ranging
from 0.1 to approximately 1. For a given filling
fraction, the effective thermal conductivity
increases with the number of layers until it
stabilizes at around six layers for the Air-Si
composite structure.

Beyond this point, further increasing the
number of layers has no significant impact on
the thermal conductivity. A higher thermal
conductivity value is crucial in fiber amplifiers
and lasers, as it facilitates the dissipation of
excess heat. In high-power industrial lasers and
amplifiers, heat generation is a primary cause of
modal instability. As the air filling factor d/A

increases, the effective thermal conductivity of
the Air-Si structure decreases. This is because a
higher air content enhances the thermal
resistance of the photonic crystal fiber, bringing
its effective thermal conductivity closer to that
of air.

The lower set of solid lines represents the
photonic crystal fiber made of H.-ZBLAN. As
evident from the figure, the effective thermal
conductivity for any given air filling fraction is
consistently lower than that of the Air-Si fiber.
This lower conductivity traps heat within the
fiber, hindering its dissipation. Consequently,
H2-ZBLAN photonic crystal fibers are not
suitable for fiber amplifiers and lasers but are
primarily used in the design and fabrication of
fiber-based sensors.

Similar to the Air-Si structure, increasing the air
filling factor d/A in the H:-ZBLAN fiber

reduces its effective thermal conductivity,
approaching that of H- gas. Additionally, for the
H.-ZBLAN fiber, increasing the number of
layers beyond three does not alter the effective
thermal conductivity. Instead, the reflection at
the layers and the cladding resistance become
the determining factors for optimizing the
design of photonic crystal fibers made from this
material.

IV.CONCLUSION

This study developed a robust analytical
framework to predict the effective thermal
conductivity of honeycomb-lattice PCFs,
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bridging a critical gap between numerical
methods and design practicality. The model’s
key  contributions  include.  Geometric
innovation, by resolving the honeycomb
structure’s dual unit-cell types, the approach
outperforms triangular-lattice models,
achieving high accuracy in layer-wise
conductivity predictions.

Material insights, air-Si PCFs exhibit superior
thermal dissipation (0.8 W/m-K at d/A =0.1)

for high-power applications, while Ho-
ZBLAN’s lower conductivity (0.38 W/m-K)
favors sensor designs by trapping heat.

Design Rules: Convergence occurs at more than
6 layers of Air-Si, and 3 layers of H.-ZBLAN,
with d/A>0.5 reducing conductivity by 50%,

independent of d/A ratios.

The present work focuses on developing a new
analytical model for estimating the effective
thermal conductivity of honeycomb photonic-
crystal  structures. Direct numerical or
experimental validation is not included here
because suitable benchmark data are not yet
available in the literature, and performing such
measurements requires specialized equipment
beyond the scope of this theoretical study.
However, dimensional analysis and parametric
trends confirm that the model produces
physically consistent results. This analytical
formulation can therefore serve as a foundation
for future numerical or experimental studies
aimed at validating and further extending the
model.
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