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ABSTRACT— In this paper, we perform a
detailed study of the spectral response of the gold
U-shaped
nano-structures
for
different
geometrical parameters and polarizations in
order to obtain significant localization factor in
the wavelength 1.55 μm. The obtained near-field
distribution of electric fields reveals that
resonances in these nano-structures correspond
to the even and odd plasmonic modes depending
on the geometrical parameters and polarization
directions. Considerably large localization factor
is obtained for the first odd mode in specific
geometrical parameters. Then, this structure is
considered to be surrounded by a typical secondorder nonlinear dielectric. The effective
susceptibility is calculated for the considered
structure, using the nonlinear retrieval method,
to demonstrate the enhanced second-harmonic
generation quantitatively. In order to represent
the applicability of the investigated structure in
nano-scale light sources and frequency doublers,
its second harmonic generation efficiency is
compared with the efficiency of the nonlinear
dielectric alone with the same dimensions.

microwave part of the spectrum these structures
are usually made of copper and can be
considered as perfect conductors because the
skin depth is much smaller than the metallic
feature size [6]. The strong geometric LC
resonance in SRRs leads to the negative
effective permeability[7]. In order to increase
the resonance frequency, these structures were
scaled down and negative magnetic response
was extended to the mid-infrared spectral range
[2], [8]. Since size of the thin sub-wavelength
U-shaped components becomes less than the
metal skin depth in the optical and near-infrared
frequencies, surface plasmon resonances can be
excited in these structures. Studying the
spectral response of the U-shaped resonators in
the near infrared frequencies at normal
incidence has been revealed that all resonances
are different order plasmonic resonances of the
entire structure[9]. It is also demonstrated that
for electric field parallel with the gap,
plasmonic modes have an odd symmetry,
whereas the modes possess even symmetry for
the polarization perpendicular to the gap[10]. In
another configuration, in which magnetic field
is perpendicular to the plane of U-shaped nanostrips, negative refractive index has been
obtained in higher order plasmonic modes [11].
Besides, plasmonic resonances of these
structures are utilized for other kind of
applications such as switches for optical
information
processing[12].
Strong
confinement of the electromagnetic fields on
the nano-scale is another feature of the
plasmonic resonant structures which allow
significant enhancement of weak nonlinear
processes[13], [14]. This can be applicable for
increasing the nonlinearity of the metal itself or

KEYWORDS: Plasmonic modes, localization
factor, effective susceptibility, enhanced
nonlinearity

I. INTRODUCTION
Artificial sub-wavelength shaped structures are
designed to influence the propagation
characterization of electromagnetic fields.
Among different configurations, U-shaped
structures have attracted special attention of
researchers in the past decade[1]–[4]. These
structures are simplified configuration of single
split-ring resonators (SRRs), which are
essential building blocks of metamaterials in
microwave and few THz frequencies [5]. In the
13
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of a material adjacent to the metal[14]–[16]. In
this regard second harmonic generation (SHG)
and third harmonic generation (THG) from the
SRRs, due to the broken inversion symmetry of
metal, have been investigated theoretically[17],
[18] and shown experimentally using femtosecond Gaussian pulses[19]–[21]. Also, the
experimental results of SHG from SRRs on
GaAs substrate reveal that obtained SHG
signals are stronger compared to those from
SRRs on the glass substrate [22]. In general, for
metallic nano-structures on top of the nonlinear
media, the bulk nonlinearity tends to be more
dominant than the effect of surface nonlinearity
[23]. So it can be inferred that enhancement of
nonlinear response of nonlinear dielectrics
surrounding the metallic structures is more
significant. Therefore, in this paper we intend
to show enhancement of the nonlinear response
of a typical second-order nonlinear dielectric
medium surrounding the SRRs quantitatively.
For this purpose, we obtain the near-field
distribution of the plasmon modes of gold SRRs
for different geometrical parameters. Three
even and four odd plasmonic modes are
recognized for different sizes of SRRs and
different polarization directions in normal
incident. This detailed geometrical analysis is
done to obtain significant localization factor
(LF) in the wavelength 1.55 μm. Then the SRR
with resonance in this wavelength surrounded
with nonlinear dielectric is considered as an
effective nonlinear medium and its effective
second order susceptibility is obtained using the
nonlinear retrieval method. The considered
structure in our investigation can be achieved
using nonlinear substrate and super-states. The
obtained results represent that these structures
can be considered as efficient frequency
converters in nano-scale.

values 20 nm and 60 nm, respectively. The
spectral response of the all structures over the
frequency range (30-500 THz) is obtained for
the electric fields parallel to the x and y
directions. The relative permittivity of bulk
gold is considered the Drude model with
plasma frequency ωp=1.37×1016 [s-1] and
damping frequency ωc=4.08×1013 [s-1] in the
numerical simulations. It has been shown that
for the thin gold films considering the damping
frequency 1.65 times larger than the bulk value
yields good agreement between simulation and
experiments[2].

Fig. 1. Schematic sketch of the considered structure
with defined geometrical parameters.

To obtain the electromagnetic field distribution
and also extraction of the complex scattering
parameters for different frequencies, the section
“harmonic propagation of the electromagnetic
waves” of the Multiphysics simulation software
is used. This software solves the partial
differential equations with finite element
method. Plane wave propagating in the zdirection, is applied to the input port. Perfect
electric conductor and perfect magnetic
conductor boundary conditions are applied to
the boundaries for which the electric field or
magnetic field is normal, respectively. These
boundary conditions imply the infinite
extension of the unit cell in the x-y plane with
periods ax and ay in the x and y directions,
respectively[24], [25]. Second-order LF,
2
L( E ) , is introduced as the volume integral of
the squared fundamental electric field norm
over the considered unit cell divided by the
same integral for a homogeneous slab with
equivalent linear properties, to measure the
degree of field localization[26]. This factor is
calculated for all structures using the obtained
electric field distribution over the unit cell.

II. MATERIALS AND METHODS
For the unit cell of the considered structure the
defined geometrical parameters are shown in
the Fig. 1.
The selected amounts of these parameters are
according to the amounts of the previously done
work by Rockstuhl et al. [9] . Thickness (t) and
width of the wires (w) are set to the constant
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III. RESULTS AND DISCUSSION

Then the structure with geometrical parameters,
in which the LF is largest in the wavelength
1.55 μm, is considered to be surrounded by a
second order nonlinear dielectric. The
susceptibility for the typical nonlinear medium
is considered to be  (2)  1012 [m / V ] [24], [27].
Time domain simulations are performed to
obtain the nonlinear fields generated from the
metallic SRR embedded in nonlinear dielectric.
In time domain simulations the equation for the
electromagnetic field is:

 1

 A P
   A    r  0 2 
,
t
t
 0


At the first step, geometrical parameters are
considered ax=ay=a=500 nm, lx=ly=400nm and
the gap size is considered g=0, 60, 240 nm.
Spectral responses of three different structures
are obtained and different peaks in the
reflectance spectra indicate the occurrence of
the resonances. Second-order LF for these
structures and two different polarizations are
illustrated in Fig. 2.
In the case of closed ring (g=0), which is
identical for the both polarizations, two
resonances occur and approximately large LF is
obtained in the higher resonance frequency.
These resonances are different order plasmonic
modes of the entire wire. For the gap size equal
to 60 nm, four resonances occur for the xpolarized electric field.

2

(1)

in which, A is the electromagnetic vector
potential and P is a polarization vector.
Equation below is considered for describing the
polarization vector in a metal with Drude
response[28]
P
(2)
 c P   0 p2 A.
t
A time varying plane waves with the
wavelength of 1.55 μm (corresponding to the
resonance frequency, f  193 THz) and with
the amplitudes 10 (GV/m) is applied to the
considered structure in a specific time interval.
The obtained distribution of the fundamental
field is used to calculate the nonlinear
polarization in the dielectric medium.
Calculated time varying transmitted and
reflected signals are Fourier transformed to
obtain the complex value of the generated
nonlinear field’s amplitudes. Then, the
effective susceptibility can be retrieved using
nonlinear retrieval method. Similar to the
retrieve of the linear effective homogenized
constitutive parameters of metamaterials[29],
homogenized properties can be assigned to the
inhomogeneous metallic structures embedded
in nonlinear dielectrics[24]. The nonlinear
retrieval method is established by Larouche and
Smith, in which the known linear effective
parameters, sample thickness, input field and
the nonlinear transmitted and reflected fields
are used to retrieve the effective
susceptibility[24], [26]. The nonlinear
generated fields can be determined using the
experimental or simulation results.

(a)

(b)
Fig. 2. Second-order LF for different gap sizes and
electric fields parallel to the (a) x and (b) y direction.

Obtaining the electric field distribution in the
resonance frequencies reveals that odd numbers
of nodes appear in the near-field distribution.
Normalized electric field z component
distribution, at 10 nm above the structure, for
15
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these four resonances corresponding to the
peaks (1) to (4) in Fig. 2(a), are illustrated in
Fig. 3(a-d), respectively. These modes are
commonly labelled according to the number of
the nodes in field distribution. Occurrence of
odd modes can be explained considering the
orientation of the structure with respect to the
electric field direction.
The electric field in the x direction causes
electric charge oscillations in two legs parallel
to the y direction to be in opposite directions.
So, the electric fields in these two legs have
phase difference of the π[10].
(c)

(d)
Fig. 3. Normalized electric field z component
distribution for the four odd plasmonic modes.

(a)

For the applied electric field along the y
direction three different resonances appear for
the case g=280 nm. According to the
distribution of the normalized electric field z
component, in the frequencies corresponding to
the peaks (1) to (3) in Fig. 2(b), resonances
correspond to the even plasmonic modes
(Figures 4). For this polarization direction, due
to the symmetry of the structure with respect to
the polarization direction, electric fields in the
legs parallel to the polarization direction have
equal phase.

(b)
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and ly, are decreased. Since the obtained LFs,
around this specific wavelength, for the even
modes are considerably smaller then than the
odd modes, in the following just LF for the
electric field in the x direction is represented.
As seen in the Fig. 5, by reducing the lx amount,
frequency of the first odd mode slightly shifts
to the higher ones and LF becomes larger.

(a)

Fig. 5. Second-order LF for different lx amounts.

Considering the mentioned model, further
increase of the resonance frequency can be
possible by reducing the ly amount. As shown
in the Fig. 6, reduction of the ly is accompanied
by considerable blue shift of the resonance
frequency, because the entire length of the SRR
decreases more effectively.

(b)

(c)
Fig. 4. Normalized electric field z component
distribution for three even plasmonic modes.

Fig. 6. Second-order LF for different ly amounts.

It is also clear that for the l y  200 nm
resonance occurs in the frequency 193 THz
(corresponding to the wavelength 1.55 μm), but
LF is smaller than the other cases since the

Adopting the standing-wave model for surface
Plasmon resonances[11], in order to obtain
resonance and so larger LF in the wavelength
1.55 μm, the other geometrical parameters, lx
17
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filling factor of the metallic inclusions is
reduced in the fixed unit cell size. So, the unit
cell size is reduced to obtain larger LF. Figure7
illustrates the LF for different unit cell sizes.

the considered structure. The real and
imaginary parts of these effective parameters
are illustrated in Fig. 8.

Fig. 7. Influence of the unit cell size on second-order
LF.

(a)

When the unit cell size is decreased, resonance
frequency remains invariant and maximum LF
for the first odd mode in the frequency 193THz
is obtained for a=400nm. Reduction of the LF
for more decreased unit cell sizes can be due to
the diminished volume in which electric field is
localized.
Therefore,
the
geometrical
parameters for the remaining investigations are
a  400 nm, lx  l y  200 nm which lead to the
considerably large LF  8.5 in the desired
wavelength.
Afterward, the mentioned structure is
considered to be embedded in a nonlinear
dielectric. To show the enhancement of the
nonlinear response of this structure
quantitatively,
the
effective
nonlinear
susceptibility must be retrieved using the
nonlinear retrieval method[24]. Based on this
method, first the linear effective parameters
(effective electric permittivity,  eff , and

It is clear that the effective permittivity is more
affected and appearance of a Lorentzian form
change near the resonances confirms the
plasmonic nature of these resonances.

magnetic permeability, eff ) should be
determined. Here, the standard retrieval method
is used to determine the effective linear
parameters from the complex S-parameters
(reflection and transmission coefficients)[30].
Complex S-parameters are obtained using the
finite element frequency domain simulation of

Hereafter, to simulate the U-shaped structure
with mentioned dimensions embedded in
nonlinear dielectric, finite element time domain
simulations are performed using the section
“transient analysis of the electromagnetic
waves” of the software. A time varying plane
wave, as mentioned in the section (2), was

(b)
Fig. 8. Real (a) and imaginary (b) parts of the
retrieved effective permittivity and permeability.
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applied to the structure and the obtained
reflected and transmitted waveforms were
Fourier transformed, which provides complex
values of the amplitude. The amplitude of the
Fourier transform of the transmitted signal has
two peaks at fundamental frequencies and
second harmonic (Fig. 9). The phase difference
between transmitted and reflected signals with
respect to the applied signal is also obtained.

the y direction. Calculation of the LF for all
structures reveals that this parameter in the
resonance frequencies is larger for the odd
modes compared to the even ones. Varying the
geometrical parameters of the metallic structure
which reduces the entire length of the U-shaped
nano-structure leads to the blue shift of the
resonance frequencies. Eventually, maximum
LF in the wavelength 1.55 μm is obtained to be
8.5 for the first odd plasmonic mode in specific
geometrical parameters. Afterward, this nanostructure is considered to be embedded in
nonlinear dielectric. Using the results of the
finite element time domain simulations
complex amplitude of the SHG is obtained. Via
the nonlinear retrieval method, effective
second-order susceptibility is calculated.
Results of this step of our investigations
indicate enhancement of the effective
susceptibility two orders of magnitude for the
SHG, compared to the considered nonlinear
dielectric. Efficiency of the SHG from the
considered nonlinear nano-structure is obtained
to be more than 30 times compared to that of
the nonlinear dielectric alone. So, this study
reveals applicability of the considered structure
as efficient frequency doublers or light source
in nano-scale.

Fig. 9. Amplitude of the transmitted signals from the
unit cell of the U-shaped nano-structure embedded in
second order nonlinear dielectric, obtained using
Fourier transforms.

According to these results, the retrieved
effective nonlinear susceptibility is obtained to
be more than 400 times larger than that of the
nonlinear dielectric alone.

ACKNOWLEDGMENT
The authors would like to acknowledge
Research Affairs Management of University of
Tabriz for continuous and great support of this
work.

Efficiency of the SHG in the mentioned
structure, considering the losses in resonance
frequency, should also be estimated[31]. This
efficiency is obtained to be more than 30 times
larger than that of the nonlinear dielectric alone.
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