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ABSTRACT— Considering a temperature
dependent two-level quantum system, we have
numerically solved the Landau-Zener transition
problem.
The
method
includes
the
incorporation of temperature effect as a
thermal noise added Schrödinger equation for
the construction of the Hamiltonian. Here, the
obtained results which describe the changes in
the system including the quantum states and the
transition probabilities are investigated and
discussed. The results successfully describe the
behavior of the transition probabilities by
sweeping the temperature.

solutions to this problem are at zero
temperature, however there are studies to
investigate the effect of the finite temperature
in LZ solution; e.g. in references [2] and [13],
the numerical stochastic Schrödinger equation
formalism is developed for such calculation.
In this work, we have modified the
conventional LZ Hamiltonian with an added
stochastic noise term which models the
temperature effect. Numerically solving this
problem, the dynamics of the system has been
investigated and discussed.
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II. THEORETICAL MODEL
Here, for the investigation of the quantum
system in non-zero temperature, the thermal
noise Hamiltonian is added to the LZ
Hamiltonian (Eq.(1)) and the non-zero time
dependent Schrödinger equation is numerically
solved.

I. INTRODUCTION
Landau-Zener transition problem which
describes the population transfer between
quantum states in a two level system has many
different applications in today’s atomic and
molecular physics, quantum information
science, quantum optics and other related
fields [1-6]. This is while, Landau-Zener (LZ)
transition model is being used extensively by
experimentalists for preparation, manipulation
and reading out of quantum states in two level
systems (qubits) [2, 6]. The LZ problem which
was first considered by L.D. Landau and C.
Zener explains the transition of the two energy
levels through an avoided crossing by a
constant sweeping rate in time [7]. Up to now,
many works are devoted to consider different
aspects or extensions to this classic problem,
e.g. considering different noise models, decay
and dissipation or dephasing issues [8-13]. It
should be noted that most of the exact

i


  H LZ  H th 
t

(1)

In this problem, the Hamiltonian of the two
level system at zero temperature is:

 t 2 H 12 
H LZ   *
,
 H 12 t 2 

(2)

where H12 describes the strength of the interstate interaction and α is the rate of
unperturbed energy change [10]. It is evident
that the Hamiltonians at different times do not
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commute so the coupled equation should be
solved to find the solution.

system is prepared in a pure state (we named it
as state 1) at long time ago (t-∞).In this
numerical simulation, the time intervals are
chosen in such a way that the probabilities
could reach to a nearly stable situation.
Furthermore the simulation results have been
reported for two cases with different set of
Hamiltonian parameters. For the first case,
H12=0.02 eV and α=1.6 eV/fs and for the
second case H12=0.08 eV and α=32 eV/fs.

The second term of the Hamiltonian in Eq.(1)
is the thermal noise. The thermal noise could
be interpreted as spontaneous changes of
energy which its amplitude is proportional to
the temperature [13]. Based on this approach,
the most general model of thermal noise could
be given:
   t  3  t  
Hth  kBTξ  t   kBT  1
,
 3  t   2  t  

A. Transition Probabilities at Zero
Temperature
Figure 1 shows the solution of Eq. (4) for the
probability amplitudes of two spinor states
|φi|2, and (in the inset) the Eigen energies of
the quantum system versus time through the
avoided crossing at zero temperature. This
figure reveals that there is a transition from
state 1 to state 2 with determined probability.
In Fig. 1, the parts (a) and (b) represent the
diagrams for the cases one and two
respectively. In this situation the probability of
finding the system in the level one and level
two at the large times is oscillating around
specific values. These values are 0.6 (states
one) and 0.4(state 2) for the first case and 0.65
and 0.35 for the second case. The parameters
of these two systems (H12 and α) are chosen so
that the final states become approximately
similar. This similarity helps us to compare the
temperature effect results more reliable. In the
inset of these figures the energy versus time
for the both systems are depicted. It is obvious
that the energy gap in case 2 at t=0 (that
represents the H12) is larger than case 1 but
due to the larger time varying magnetic field
(proportional to α) the final states of these two
systems are approximately similar.

(3)

In which the ξi(t) are the stochastic functions
in the range of [0,1]. The diagonal terms
express the fluctuations of the internal energy
for each quantum state where we expect them
not to have considerable effects on the
transition amplitudes. This issue is thoroughly
confirmed in our numerical calculations and
therefore the diagonal terms are ignored in
subsequent models. Substituting the new
Hamiltonian H into the Schrödinger Eq.(1) and
using the spinor representation for ψ, we
obtain:
1
H 12  k BT  t    1 

 1 
2 t

i
 *

  , (4)


 12 t
 2 
 H 12  k BT  t 
  2 

where 1 and 2 are the two states of the
systemwhich their absolute square represent
the probabilities of finding the system in each
state. It is obvious that this equation at zero
temperature would be reduced to the
conventional Landau-Zener equation [10].
It should be noted that, in this model the noise
frequency is an important parameter which
considerably affect the results. In fact for the
thermal equilibrium situation, the noise
frequency should be higher than the specific
frequency of the system, otherwise for the low
frequency noises, the system would be placed
in non-equilibrium state.

B. Transition probabilities at non-zero
Temperature
The behavior of the probability versus time for
non-zero temperature is declared in Fig. 2.
In this simulation the stochastic function ξ(t)
of the Hamiltonian (Eq.(3)) is selected as
white noise function for 4 different frequencies
which are named as A, B, C, and D for both
cases.

III. RESULTS AND DISCUSSION
The Eq.(4) is numerically solved with
considering the initial condition such that the
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As mentioned before, the results of the
calculation for diagonal noise components
which are not presented here, confirm that
such noises do not change the probability of
the states in Landau-Zener problem.
The
probability
amplitudes
for
the
temperatures of 200K and 700K which are
related to simulations 1-A and 1-D are shown
in Figs. 2(a) and 2(b) respectively. The Eigen
energies are not depicted because they do not
change significantly from zero temperature
case. It should be noted that the resulting
probabilities has been averaged over 10
samples.At high frequency regime the
averaging over different samples does not
considerably change the probability behavior.
The reason is that in these cases, the results of
different samples are almost the same.
However for low frequency noise cases, the
probability amplitudes for each sample is
considerably different to the others and so
averaging over the samples significantly
changes the amplitude probabilities.

b)

Figure 2(a) shows that by increasing the
temperature in sample 1-A with the mentioned
noise frequency, the probability of transition
accordingly increase.

Fig. 1. The amplitude probabilities of states 1 and 2
versus time through avoided crossing at zero
temperature for a) H12=0.02 eV and α=1.6 eV/fs and
b) H12=0.08 eV and α=32 eV/fs. The insets are the
Eigen energies of the quantum system as a function
of time at zero temperature.

Figure 2(b) shows the same increasing
behavior of the transition probability for
sample 1-D by increasing the temperature.
However in this case, at higher temperature the
transition probability of crossing is smaller
than the case with higher frequency. As
expected, for low frequency noises the
probability of states without averaging (that is
not presented here) fluctuates severely. In fact
such noise sources guide the system into nonequilibrium situations, however the high
frequency noise sources because of numerous
interactions with the system keep it in the
equilibrium situation.

In simulation A, The maximum noise
frequency
is
set
to
N/T=[50000/(4×10-13s)]=1.25×1017 Hz, where
N is the number of mesh points andT is the
time period. The noise frequencies of the
simulations B, C, and D are set to
1.25×1016Hz, 1.25×1015Hz and 1.25×1014Hz
respectively. It should be mentioned that the
characteristic frequency of the system is
f0=αT/ħ~2×1015Hz, so the high or low
frequencies are defined in comparison to this
frequency. The frequencies much larger than
f0are called the high frequencies and the other
ones are the low frequencies. Therefore the
cases A and B are considered as high

These figures clearly show that the probability
of transition from state 1 to 2 significantly
increase by increasing the temperature. This
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behavior is in match with physical common
sense which we expect that by increasing the
temperature, the quantum fluctuations increase
and therefore the transitions would be
facilitated. The obtained results are also in
agreement with other works in [12] and [13],
where they have reported similar behaviors.

significant than the second case. This is
because that in the second case the energy gap
is significantly larger than the energy gap of
the first case, and so the environment
fluctuation is faced to higher barrier to change
the states of the system. Comparing these
figures, it is expected that for the barrier H12
about 1ev the temperature effect could not be
observed in the room temperature.

a)
a)

b)

b)

Fig. 3. The probability amplitudes of states 1 and 2
versus time through avoided crossing at a)
simulation 2-A, b) simulation 2-D.

Fig. 2.The amplitude probabilities of states 1 and 2
versus timethrough avoided crossing at a)
Simulation 1-A, b) Simulation 1-D.

For better investigation of the temperature
effect on the intra state transition, a new
parameter is defined as the average of the
probability at the 5% of the final time interval.
This quantity simply shows the probability of
each state at the end of time interval (we have
called it Averaged Final Probability (AFP)).
Furthermore we define the LZ crossing
probability as the absolute difference of the
AFPs that determines the probability of
crossing between states 1 and 2. The AFP for

Figure 3 shows the same simulation result of

case 2-A and 2-D for two different
temperatures of 400°K and 1000°K. This
figure also shows that by increasing the
temperature, the probability of system
transition from state 1 into state 2 after
applying magnetic field has been increased. In
comparison with Fig. 2, it is clear that the
temperature effect on the first case is more
60
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both states and all four simulations of both
cases versus temperature are depicted in
Fig. 4.

calculations for the second case is showed in
Fig. 4-b. In this case the LZ crossing
probability increase by the increasing of
temperature, however in comparison with the
first case, the temperature effect is much
smaller. In addition, the smooth increasing
behavior of the probabilities for high
frequency samples and non-smooth increasing
of the probabilities for low frequency samples
is obvious in Fig. 4. It is expected that by
increasing the temperature the fluctuation
would increases that is also clearly evident in
Fig. 4.

a)

IV. CONCLUSION
Here we have investigated the effect of
temperature on the Landau-Zener transitions.
The results quantitatively show the increasing
behavior of the transition amplitudes by
increasing the system temperature. This is
while the temperature effect decrease by
increasing the barrier potential H12.
Furthermore in our stochastic approach, for the
low frequency noises, large fluctuations in
probability amplitude are observed which
cannot be seen for the high frequency noises.
We believe that this is because of the fact that
for high frequency noises the energy is
transferred to the system in the large number
of interactions, but in the low frequency
regime, the energy transfer is abrupt.

b)

REFERENCES
Fig. 4. The averaged probability amplitudes
(averaged in the 5% of end time interval)of the
states 1 and 2 versus temperature for different
thermal noise frequencies. a) Case one b) case two.

[1] G. Sun, X. Wen, M. Gong, D.W. Zhang, Y.
Yu, S. L. Zhu, J. Chen, P. Wu, and S. Han,
“Observation of coherent oscillation in singlepassage Landau-Zener transitions,” Scient.
Rep. Vol. 5, pp. 8463 (1-6), 2015.

The results for the first case is depicted in Fig.
4-a. This figure reveals that by increasing the
temperature, the probability of the crossing
would be increased significantly. The AFP of
LZ crossing probability for the two high
frequency simulations 1-A and 1-B is smoothly
increasing so that for the temperature 1000°k
this value approaches to 1, but for the low
frequency simulations 1-C and 1-D, the
increasing of LZ crossing probability include
some fluctuations and the final values does not
approach to 1. The results of the similar

[2] P.P. Orth, A. Imambekov, and K. Le Hur,
“Universality
in
dissipative
LandauZenertransitions,” Phys. Rev. A, Vol. 82 No. 3,
pp. 032118 (1-5), 2010.
[3] C.M. Quintana, K.D. Petersson, L.W. McFaul,
S.J. Srinivasan, A.A. Houck, and J.R. Petta,
“Cavity-mediated entanglement generation via
landau-zener interferometry,” Phys. Rev. Lett.
Vol. 110, No. 17, pp. 173603 (1-5), 2013.

61

M. Hosseiniand F. Sarreshtedari

Investigation of temperature effect in Landau-Zener avoided crossing

Downloaded from ijop.ir at 0:29 +0330 on Wednesday December 1st 2021

[4] A. Zenesini, H. Lignier, G. Tayebirad, J.
Radogostowicz, D. Ciampini, R. Mannella, S.
Wimberger, O. Morsch, and E. Arimondo,
“Time-resolved measurement of landau-zener
tunneling in periodic potentials,” Phys. Rev.
Lett. Vol. 103, No. 9, pp. 090403 (1-4), 2009.

[13] R.S. Whitney, M. Clusel, and T. Ziman,
“Temperature
can
enhance
coherent
oscillations at a Landau-Zener transition,”
Phys. Rev. Lett. Vol. 107, No. 21, pp. 210402
(1-5), 2011.

[5] V. Bapst, L. Foini, F.Krzakala, C.
Semerjian,andF. Zamponi, “The quantum
adiabatic algorithm applied to random
optimization problems: The quantum spin
glass perspective,” Phys. Rep. Vol. 523, No. 3,
pp. 127-205, 2013.

Mehdi Hosseini was born in Iran in 1983. He
received the B.Sc., M.Sc., and Ph.D. degrees
in physics from Sharif University of
Technology, Tehran, Iran, in 2005, 2007, and
2011, respectively. After the Ph.D., he joined
the Superconductive Electronics Research
Laboratory (SERL) of Electrical Engineering
Department of Sharif University of
Technology. He conducted research in
development of the superconductor thin film
fabrication for two years as a postdoctoral
fellow. He is currently a faculty member of
physics Department of Shiraz University of
Technology. His research interests include
statistical physics, solid state physics, and
superconductivity.

[6] K. Saito, M.Wubs, S. Kohler, P.Hänggi, and
Y. Kayanuma, “Quantum state preparation in
circuit QED via Landau-Zener tunneling,”
Europhys. Lett. Vol. 76 No. 1, pp. 22-28,
2006.
[7] J.R. Rubbmark, M.M. Kash, M.G. Littman,
and D. Kleppner, “Dynamical effects at
avoided level crossings: A study of the
Landau-Zener effect using Rydberg atoms,”
Phys. Rev. A Vol. 23, No. 6, pp. 3107-3117,
1981.
[8] P. Ao, “Influence of dissipation on the LandauZener transition,” Phys. Rev. Lett. Vol. 62, No.
25, pp. 3004-3007, 1989.
[9] V.L. Pokrovsky and D. Sun, “Fast quantum
noise in Landau-Zener transition,” Phys. Rev.
B, Vol. 76, No. 2, pp. 024310 (1-11), 2007.
[10] Y. Avishai and Y.B. Band, “Landau-Zener
problem with decay and dephasing,” Phys.
Rev. A, Vol. 90, No. 3, pp. 032116 (1-9),
2014.

Farrokh Sarreshtedari was born in Iran in
1982. He received the B.Sc., M.Sc., and Ph.D.
degrees from Sharif University of Technology,
Tehran, Iran, in 2004, 2006, and 2012,
respectively, all in electrical engineering. He is
currently a faculty member in Department of
Physics, University of Tehran. His research
interests include magnetic resonance physics,
Laser applications and optoelectronics.

[11] M. Kraft, S. Burkhardt, R.Mannella, and S.
Wimberger, “Landau–Zener transitions in the
presence of harmonic noise,” Fluct. Noise Lett.
Vol. 12, No. 2, pp. 1340005 (1-10), 2013.
[12] S. Ashhab, “Landau-Zener transitions in a
two-level system coupled to a finitetemperature harmonic oscillator,” Phys. Rev.
A, Vol. 90, No. 6, pp. 062120 (1-7), 2014.

62

