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ABSTRACT— A relativistic theory for two-
stream free electron laser (FEL) with a one
dimensional helical wiggler and ion-channel
guiding in the presence of sdf-fields are
presented. A dispersion relation (DR) which
includes coupling between the electromagnetic
and the electrostatic waves is derived from a
fluid model, with all of the reativistic terms
related to the transverse wiggler motion. This
DR is solved numerically to study many
unstable couplings among all possible modes.
Numerical calculations are made to illustrate
the effects of the self-fields on the unstable
couplings. It is shown that the self-fields can
produce large effects on the growth rate of the
couplings.

KEYWORDS: Free-electron laser, self-fields,
ion-channel, instability, two-tream

| INTRODUCTION

The free electron laser (FEL) is a device that
uses a relativistic beam of electrons passing
through a transverse periodic magnetic field
(wiggler) to produce and  amplify
electromagnetic radiation. The wavelength of
the emitted radiation depends on the period of
the wiggler, the strength of its magnetic field
and the electron energy [1]. In a FEL, ion
channel guiding is applied to collimate the
intense relativistic electron beam. The ion
channel is an ion column produced by the head
of the beam when the peak beam density
exceeds the plasma density. The radial electric
field of the beam blows out the plasma
electrons, transversely, creating an ion
channel. Thision channel confines the electron
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in transverse direction against self-fields
effects. This technique was first proposed by
Takayama and Hiramatsu [2] for use in FEL
and was tested first by Ozaky et al. [3], and
was evaluated by a numerical simulation [4-5].
The equilibrium trajectory of an electron and
growth rate of waves in a combined helical
wiggler and ion channel guiding were studied
[6-12].

In FEL in the Raman regime, due to the low
energy and high density of the beam, self-
electric and self-magnetic fields can have
considerable effects on gain and equilibrium
orbits [13]. Mirzanghad et al. found the self-
fields effects on the dispersion relation and
growth rate [14]. These studies are based on a
single beam FEL with ion-channel guiding.

Two-stream free electron lasers (TSFEL),
FELs in which two beams copropagate with
different beam velocities, have been studied
during the last few decades [15-22]. Two-
stream was first proposed by Bekefi and
Jacobs for use in FELs[23]. They have shown
that the growth rate of electromagnetic and
electrostatic waves are considerably affected
by two-stream instability (TSI). The TSFEL,
including its operation principle, design
schemes, and mathematical descriptions were
studied by Kulish et al. [24-25]. The effects of
two-stream instability on the growth rate of
waves in a helical wiggler free electron laser
have also been investigated [26-27].
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In this paper, we aim to derive a dispersion
relation for the interaction of al the wavesin a
FEL with two-stream and helical wiggler and
ion-channel  guiding. The self-fields of
electron beams and all of relativistic effects
are included in the dispersion relation. This
DR is solved numerically to study the effects
of the self-fields on unstable couplings. In Sec.
I, basic equations for the relativistic theory
are introduced and self-fields are calculated. In
Sec. |11, three coupled equations are derived
and a formula for the general DR is obtained.
In Sec. IV, a numerical analysis is carried out
to investigate the self-fields effects on the
unstable couplings between the waves. In Sec.
V, the paper is concluded.

[ISELF-FIELDSCALCULATION

The configuration we employ is that of two
electron beams (each of uniform density n,,
and velocity v, with s=1 and 2) propagating
in the z-direction through a helical magnetic
described by

B,, = B, (Xcosk, z+¥sink,z),

(1)
B, is the wiggler amplitude and k(= 27/4,)
is the wiggler wave number. In the presence of
an ion-channel, and while its axis is coincident

with the wiggler axis, the following transverse
electrostatic field is acted upon the electron:

w

E; = 27en (XX +yy), 2

where n, isthe number density of positive ions
with charge e.

The self-electric field induced by steady-state
charge density of the electron beam can be
obtained by solving Poisson's equation
E=-27n,erf =-2zn,e(xX+yy). ©)
The self magnetic field induced by transverse

and axial velocity may be obtained by
Ampereslaw,

4

V><Bss:T‘]bs’

(4)
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where J = —eny (v +v2) isthe beam current

density and v, is transverse velocity,

generated by the wiggler magnetic field. By
the method of Ref. [13] B, may be found as

N

of ~ oL /) V2 - Ky, (5)
Zﬂnoseﬁ(yx xy),
where Wy = (4710 [70amy |2 and

0% = 27n€ [(1omy)

The steady-state solution of the equation of
motion with constant axial velocity in the
presence of the self-fields an be written as:

Vos = Vs (X COSK, 2+ Ysink,, z) + Ve 2, (6)
where

_ kwC Q (VHS/C)2 7
b a}lzs (1+ VIIS/C )/2 kwVIIs ( )

The steady-state trajectories may be divided
into two classes, group | with v,,<0 and

group Il with v, > 0. With the assumption that

during the time the electron moves through
one wiggler wavelength it also rotates through
one complete turn, the relation Ry, = v,s /K,Vs

can be obtained. For lower values of
normalized ion-channel frequency, for group 11
orbits, the quantity

wés)(lmfs) Vs Ss]
) V||s/c] +2Q5,

=1-05 kWVIIs[(

{[ (1+V||s
(a)is - a)pSXV"S/C)2 }
is negative. This implies the existence of a

negative-mass regime in which the axial
velocity will decrease with increasing energy.

(8)

[l DISPERSION RELATION

An analysis of the wave propagation in the
two-stream FEL with ion-channel guiding will
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be based on the electron continuity equation,
the cold-electron relativistic ~momentum
eguation and the wave equation. The perturbed
state can be considered as the unperturbed
state n,, = const., v, B,, and E, plus small

perturbations sn,, Jov,, SE, 6B, and SR,
where R istheradial position of electrons. By

substituting  these quantities, linearized
equations for the continuity equation,
relativistic momentum equation, and the wave
equation may be derived as
oon, + NV SV + V- VN, =0, 9)
00V, + Vo VO + -V =— € «
ot %703
1 1 1
{5E—?VOSVOS-§E—?VOS§VS Eyp——5x
(10)
1 1 Yos
OVeVos BEg+ =0V xBg+=Vox B ——2x
c c c
1 1
(Eo _?VOSVOS Eo +EV03 xBo)(Vos V) |,
1 0°5E 0 4re
VX(VXéE)—i_??_E?(&nSVOS (11)

+ Ny SV, ).
By introducing a new set of basis vectors

e=(x+iy)/v2, &€ =(x-iy)/v2, and &,=2,

the unperturbed quantities can be written as
Ro, =i+/2 Ry [exp(-ik,2) &+ exp(ik,2)8 |, (12)

Eis =iv2 ”e<ni - nbs)ROS [exp(_lsz) e+

\ (13)
exp(ik,2)e ,
B =(ij[—27ren R, EerlB ]x
0 \/E bs' 0s c W (14)
[exp(-ik, 2)8-+exp(ik,2)& |
Vos = (Vs / V2 ) [exp(-ik, 208+ exp(ik, )8 |+ 5)

Vits®:-

The perturbed state is assumed to consist of a
longitudinal space-charge wave and right and
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left circularly polarized electromagnetic waves
with all perturbed waves propagating in the
positive z direction,

SE =[27(n — s JeoR, + 5 Eg [&+ [27e0R %

(ni - nbs)+ SE, ]é*+ SE,8,, (16)
6B = (i 27en, B 0Rs + 9By Jo-+ (~i 27ex

s/ OR, + BB, &0
OV = OVa+ OV & +6V,8,, (18)
SR =5R&+5RE, (19)
on, =n.expli(kz-wt)], (20)
SVgs = Vrs&Xpli(kgz—at)] , (21)
SV, =V, .expli(k z—-at)], (22)
5V, =V, expli(kz— wt)] . (23)

oV

zs

and SE,are analogous to on,; 6E; and
6By are analogous to dvs.; SE, and 6B, are
analogous to ov,,; the wave numbers are
related to kg =k —k, and k_ =k+k,.

By substituting the perturbed quantities in the
relativistic momentum equation, after some
algebra operations, components of the
perturbed  velocity  (Vi,Vi..V.)  versus
components of the perturbed electric field are
found. Substituting the perturbed quantities
into the linearized wave equation gives three
equations for the amplitude of the perturbed
quantities, with eliminating Vg, Vs, and Vv,
the system of the equation will reduce to

K,Eq + K,E_+K,E, =0

K,Eq + KsE, + K,E, =0 (24)
K,Eg + K4E, +KoE, =0
K, =kic® -0’ + Z (BSSK123 + Cowﬁs Kle) ) (25)

S
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Ko=2 (- Bugknm — 002 Koors ), (26)
K= ZS:(— Byokas + 00 Kaps) 27)
K, = ZS: (Bugkiys — 007 K1) (28)
Ks =k2c2—0? + 3 (- Bigipye + 0005 10305), (29)
=2 (- Bulane + 00% K304 (30)
K, = -ZS: (Bsskine) » (31)
Ky = ZS:(BGSKZZS), (32)
Ko =1+ ZS: (Bseisse ) - (33)

Equation (24) shows that the DR for the right
circularly polarized electromagnetic wave in
the absence of the other two waves and the
wiggler, is

a)-2 - a)2

KAC? — 0 | @ — KV — : B+
L { 2y ||Zs(a"kRV||sﬂ (34)

w;s(a) - kRV||s)= 0,

and the DR for the left circularly polarized
electromagnetic wave in the absence of the
other two waves and the wiggler, is

2 2
v —w
(kfc2 ~ o | =K Ve —j—)z — 4

wgz)s(a) - kLV||S) =0.

(35)

It should be noted that DR, in the absence of
the wiggler, for the right and left circularly
polarized electromagnetic waves are similar.
Each DR for the electromagnetic waves
consists of three modes, i.e. right-betatron plus
(R,.), right-betatron minus (R, ), and right-

escape (R,) for the right wave, and left-
betatron plus (L. ), left-betatron minus (L, ),
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and left-escape (L,) modes for the left
circularly polarized electromagnetic wave. The
DR for the space-charge wave in the absence
of the wiggler, theright and left wavesis
O + D52 -1
2 2 2 2 )
7||1(a’ - kV||1) 7||2(a’ - kV||2)

(36)

Dispersion relation (36) consists of four
physical modes, i. e., slow and fast (negative
and positive energy) space-charge modes of
the faster beam (Sc,. ) and slow and fast space-

charge modes of the slower beam (Sc,, ). The

TSI can be described in terms of the coupling
of the slow mode carried by a faster beam and
the fast mode carried by a slower beam.

The necessary and sufficient condition for a
nontrivial solution consists of the determinate
of coefficients in Egs. (24)-(26) to be equal to
zero. Imposing this condition vyields the
dispersion relation

Kl(KSKQ_K6K8)+KZ(K6K7_K4K9)+K3(K4K8_ (37)
K5K7):°v
Equation (37) is the DR for coupled

electrostatic and electromagnetic  waves
propagating aong with two reativistic
electron beams in the presence of self-fields
and an ion-channel guiding.

IV NUMERICAL ANALYSIS

In this section, numerical results are presented
for a two-stream free electron laser with a
helical wiggler and ion-channel guiding in the
presence of the self-fields. In order to
investigate self-fields effects, we dispersion
relation will be solved numerically. The
parameters are wy /K,c=05436, ®,,/k,c=
0.7444, B=1kG, k,=2cm™, y,=6, yp=
5.6. The roots of the DR (37) are found
numerically for group | orbits with
w;s/k,c=0.2. The positive and negative space-
charge waves (Sc,and<c,,) supported by
each electron beam and the escape branch of
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Re w / k,c

k/k,

Fig. 1. Couplings of the FEL resonance and two-
steam instability for group | orbits. Dotted line and
circles line denote complex-conjugate roots.

0.08
(A) Group | & wy/ k,c=0.2 _."m"-_
0.06 §? N
LY . 0
Q 5 ! .

3 M ! ®
- i : “
— n ¥ '.
3 004§y : '
E ; :

0.02 :
)
o .
0 10 20 30 40 50 &0
kik,
008
0.06
1]
2
3 ooe
E
0.02
Group | & wy/ k,c=0.2
o]

0 50 100 150 200 250 300 350 400
k ik,
Fig. 2. Normalized growth rate Ima)/ kWC Versus
k/k,, for group | orbits. (A) for FEL coupling, (B)
for two-stream instability.
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the right escape wave (R,) are shown in Fig. 1.
Circles line shows that the negative-energy
space-charge wave of the fast electron beam
(Sc, ) couples with the positive-energy apace-
charge wave of the slow electron beam (<, ),
this coupling is caled the two-stream
instability.

0.04
(A) Group Il & wy/k,c=2.0 & P>0
0.02
(5]
<
E 0.02
E
0.01
0
0 5 10 15
k/k,
0.12
Group Il & w,/k,c=20 & =0
0.1
(B)
(5]
o 0.08
g 0.06
0.04
0.02
0
0 20 40 60 80

k/ky
Fig. 3. Normalized growth rate Ima/k,C versus
k/k,, for group Il orbitswith @ > 0. (A) for FEL
coupling, (B) for two-stream instability.

In Fig. 1, also the wide spectrum coupling
between the escape mode and the slow mode
for slow beam, is called the FEL coupling, are
shown by dotted line. Fig. 2 shows the
normalized imaginary part of frequency
Imaw/k,c as a function of the normalized

k/k, forthe FEL coupling and the two-stream
instability with @, /k,c=0.2. The downshifted



T. Mohsenpour et al.

FEL coupling begins at k/k, =169 and ends
at k/k,=2.08 that the maximum growth rate
happens at k/k, =1.87 with
Im(@/K,C), =0.0375. The upshifted FEL
coupling begins a k/k,=49.5 and ends at
k/k,, =53.8. Coupling between Sc, and S, is
a 0<k/k,<39204 in Fig. 2(B) with
Im ( @/K,C),,, =0.0767 a k/k, =235.62.

0.3
Group ll & wj/k,c=1.3 & =<0
0.25
g 02
o
3 015
E
01
0.05
0 :
0 10 20 a0 40 50
k/!k,
0.15
Groupll & wy/k,c=13& ®<0
(B)
: 0.1
-
3
E
0.05
0
] 20 40 80 80

k/k,
Fig. 4. Normalized growth rate Ima/k,cC
versus k/k,, for group Il orbits with @ <O0.

(A) for FEL coupling, (B) for two-stream
instability.

In Fig. 2(A), the FEL coupling in the absence
of self-fields for comparison is shown with
dotted line. For the group | orbits in the
presence of self-fields, the maximum growth
rate for upshifted FEL coupling happens at
k/k, =516 with Im( @/k,c) . =0.0158 but in

the absence of self-fields it happens at
k/k, =47.6 with Im( @/k,c),, =0.0753. In the
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absence of self-fields, two curves (upshifted
and downshifted FEL coupling) coalesce. In
group | orbits, self-fields reduce the growth
about 79%.

In the upper part of group Il orbits, in which

@, is positive, Dispersion relation (37) are

solved numerically. The parameters are
wy /K,c=09415, @,/k,c=09870, B=1kG,
k,=2cm™, y,=3, 7,=32. The coupling
between R, and Sc, modes and between S,
and S, modes for group Il orbits with
w,/k,c=2.0 and ® >0 are shown in Fig. 3.
The FEL coupling begins at k/k, =12.10 and
endsat k/k, =14.24, and two-stream instability
begins a k/k,=0 and continues to
k/k,=84.46 that the maximum growth rate
happens at k/k, =52.53 with
Im( w/k,c),., =0.105. The FEL coupling in the

absence of self-fields for comparison is shown
with dotted line in Fig. 3(A). In the presence
of self-fields for the group | orbits with
®, >0, the maximum growth rate of FEL
coupling happens at k/k,=1329 with
Im( @/k,c)_ =0.0348 but in the absence of
self-fields it happens at k/k,=13.20 with
Im( @/k,c),, =0.0188. In group Il orbits, self-

fields increase the growth rate by 85% and
widens the width of the unstable spectrum.

For the group Il orbits, when ®_ is negative,
the wiggler induced velocity v, is large in
negative mass regime. The parameters are
»,/k,c=09415, w,/k,c=09870, B=1kG,
k,=2cm™, Yu=3, Yo =32, with
w,/k,c=13. The coupling between the
cyclotron branch of the right betatron plus
wave (R,) and the slow mode (Sc, ) of the
slower electron beam are shown in Fig. 4(A)
for group orbits with @, /k,c=1.3 and ®,<O0.
Also, in this Fig., coupling between the right
and the left waves are shown. This coupling
does not exist, for the group Il orbits, when
@, is positive. This coupling starts at
k/k, =3.06 and continues to k/k,=48.25 with
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Im( w/k,c)_, =0114 a k/k,=24.37 in Fig.
4(A). The R, - coupling starts at
k/k,=2.53 and continues to k/k,=16.44 that
the maximum growth rate occurs at k/k,, =6.96
with Im( w/k,c),. =0.242 in Fig. 4(A). In Fig.
6(B) the two-stream instability starts at
k/k,=0 and continues to k/k,=74.97 with

Im( w/k,c),, =0.104 at k/k,=44.47. The FEL

coupling and coupling of the right and the left
waves in the absence of self-fields for
comparison is shown with dotted line and
circlesline in Fig. 4(A), respectively. In group
Il orbits with ®_ >0, self-fields increase the
growth rate of FEL coupling and the coupling of
the right and the left waves by 43% and 61%,
respectively.

V CONCLUSION

The purpose of the present paper is to study
the self-fields effects on a two-stream FEL
with helical wiggler and ion-channel guiding.
A general DR is derived for a FEL with a
helical wiggler and ion-channel guiding in the
presence of self-fields when two relativistic
electron beams propagate in paralel to each
other. In order to investigate the self-fields
effects on unstable couplings, dispersion
relation (37) is solved numerically. The results
that take into account the self-fields are
compared with Ref. 24 that investigated two-
stream FEL in the absence of the self-fields.
The FEL resonance is supported by the
unstable coupling of the negative energy
space-charge mode on the faster beam with the
right circularly polarized electromagnetic
wave.

In order to analyze self-field effects, the
effective wiggler magnetic field has been
defined as (B, ), =B, , where 1 is given by

equation 22. In the absence of the self-fields,
A is equal to 1. For group | orbits, 1 is
smaller than 1, thus the effective wiggler
magnetic field, which is the cause of the
waves coupling, will be smaller than B,,, and

growth rate will reduce in comparison with the
case where there are no self-fields. As for the
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group Il orbits, 4 is larger than 1, thus the
coupling cause is further strengthened, and
growth rate increases. The increase or decrease
of growth rate in the presence of self-fields
can be described by the change in the rate of
transverse velocity, since beamenergy is
introduced by dy /dt = —(e/myc? v -E..
Considering self-fields, transverse velocity of
the electron beam decreases for the orbits of
group |. However, when considering self-
fields for group Il orbits, transverse velocity of
the electron beam increases, which causes an
increase in the energy transfer from the beam
to the wave. Consequently, for the orbits of
group | and Il, transverse velocity of the
electron beam in the presence of self-fields,
decreases and increases, respectively, resulting
in growth rate decrease for the former and
increase for the latter.

Two-stream instability is due to the interaction
of two longitudina motions associated with
the negative energy space-charge mode on the
faster beam with the positive energy space-
charge mode on the slower beam. Therefore,
we should expect the wiggler induced
transverse motion and the resulting self-fields
not to influence the two-stream instability.

APPENDI X

The following quantities are used in Egs. (25)-
(30):

2 2
Vs  Kkrv vy,
Kigs = {[[1_2_02 _RTHSJ Bis _2_02 Bst} -

(38)
[BZS(BlLs + BZRS)]KJ.ZS }BZ;
_ 1 szvs kLV||s B V\f/s
Kors = 52 o 2R5+E Bus |- (39)
[BZS(BILS + BZI%)]KZZS}B;sli
K3rs = {_ [BZS(BlLs + BZRS)]K3ZS + % X (40)

(BlLS - BZRS )}B;i’
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2
sz kRV||s
oz |
2c 0]

Kys= {BleKle {1_

-1
BZsKlzs]BZRs’

|:Ble 2Rs ﬁ BZSKZZS:|BZ_és’

ws ||s -1
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