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ABSTRACT- The aim of this study is to investigate 

an effective two-level atom coupled to a two-

mode f-deformed cavity field with and without 

the rotating wave approximation. The first 

section discusses the theoretical model of the 

interaction between a two-mode cavity-field and 

an effective two-level atom within the framework 

of an f-DJCM without the rotating wave 

approximation. After that, we obtain the 

reduced density matrix of the atom with and 

without the rotating-wave approximation. Then, 

we have investigated the effect of the counter-

term on temporal evolution of various non-

classical properties of the atom, i.e., atomic 

population inversion, atomic dipole squeezing 

and atom-field entanglement. Particularly, we 

compare the numerical result for three different 

values of the deformation parameter q (q=1, 

q=1.1, q=1) with and without the rotating wave 

approximation. 

KEYWORDS: F-Deformed Jaynes-

Cummings Model, Rotating Wave 

Approximation, Counter-Rotating Terms, 

Virtual-Photon Processes. 

I. INTRODUCTION 

Many studies have so far discussed the 

properties of a two-level system (qubit) 

interacting with a harmonic oscillator [1], [2]. 

Many of these studies explain the dynamics of 

the qubit-oscillator system by means of the 

Rabi. 

Hamiltonian [3]: 

 
2

0
ˆ ˆ ˆ 2

ˆ ˆ ˆ
Rabi z

x

H a a

g a a

  


  
 
ℏ ℏ

ℏ
, (1) 

In most of the experimental studies on cavity 

QED, the coupling is extremely small (i.e.,

6, 10
g

 


  ), and the qubit and the 

oscillator are almost resonant (i.e.  0 ) [1]. 

Therefore, according to Jaynes-Cummings (JC) 

model with the rotating wave approximation 

(RWA), the rapidly oscillating counter-rotating 

terms (CRTs) _ˆˆa and 
̂â as virtual photon 

transitions where )ˆˆ(ˆ _  
x

can be 

eliminated from the interaction Hamiltonian. 

However, the RWA cannot be used if the effect 

of the counter rotating terms is important 

because of ultra-strong coupling, 1.0 , or 

because of extremely large detuning,

00   [5]. 

It should be noted that the system has also an 

interaction with its environment, which results 

in an incoherent evolution. This phenomenon 

has been investigated in many studies, 

considering JC model with the RWA [6]-[11]. 

The incoherent evolution is modeled by the 

standard quantum optics master equation 

(SME). The assumption in SME is that the 

resulted dissipation mechanism is completely 

abstract from the qubit-oscillator coupling [12]-

[16]. SME predictions are small only when 

coupling is small. In cases of ultra-strong 
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coupling, SME must not be used since the 

RWA is not valid. 

Today, it is possible to create systems that can 

operate where JC model with the RWA breaks 

down [17]-[21]. The most recent investigations 

on damping in the regime beyond the RWA 

focus on the effects of increasing the coupling 

strength while keeping the qubit and oscillator 

almost resonant with each other [16], [22]-[25]. 

The generalized JC model with intensity-

dependent coupling (IDJC) is the model that 

has attracted much attention (see, e.g. [26]-

[35]). The reason is that this model represents a 

simple case of a nonlinear interaction 

corresponding to a more realistic physical 

situation. The Hamiltonian model in this case is 

as follows: 

 _ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ,

ˆ ˆ ˆ( )
IDH g af n f n a

n a a

  



 


ℏ
 (2) 

where the function )ˆ(nf , which is assumed to 

be real, describes the intensity dependence 

coupling of atom-field interaction. 

Some researchers are specifically interested in 

the IDJC model in which nnf ˆ)ˆ(   [26], [ 27] 

because of its inherent connection to an su(1,1) 

JC model [28]. It should also be noted that the 

IDJC model can potentially provide many 

variants of the field state possessing interesting 

quantum statistical features. This means that 

equation (2) can play the role of a theoretical 

laboratory for analyzing time evolution of a 

variety of initial states of the system. Similarly, 

another theoretical scheme is proposed in [35] 

that shows the possibility of generating 

different families of nonlinear coherent states 

[36], [37] of the radiation field under IDJC 

model. 

On the other hand, the f-deformed Jaynes-

Cumming model (f-DJCM) has received much 

attention because of its connection with 

quantum algebras [38] which have enabled the 

researchers to generalize the notion of creation 

and annihilation operators of the usual quantum 

oscillator and to introduce a deformed oscillator 

[39]. In addition, most of the nonlinear 

generalizations of the JCM are only particular 

cases of the f-DJCM [40]. The JCM 

Hamiltonian with an intensity-dependent 

coupling [41] has been generalized by being 

related to the quantum )1,1(qsu algebra [42]. 

This is achieved by using a q-oscillator 

description. 

Various versions of the JCM and their q-

deformed extensions have so far been studied 

and formalized [43]-[45]. The quantum 

collapse and revival effects of the radiation 

field in the q-deformed version of the one-

photon on-resonant JCM have been 

investigated [40]. It has been shown [46] that a 

specific form of the f-DJCM may be realized in 

a single trapped ion system driven by two laser 

fields. In [34], the temporal evolution of atomic 

inversion and quantum fluctuation of the atomic 

dipole variables have been studied. Coherent 

states [47] of the radiation field in a lossless 

coherently pumped micro maser have been 

proposed [35] through solving a dynamical 

problem based on a quite general f-DJCM. 

Coherent states are still extensively 

investigated; for example, time-dependent q-

deformed coherent states, q-coherent and q-cat 

states [48], and the q-deformed harmonic 

oscillator with time dependent mass [49] have 

all been recently studied. In addition, the 

influence of nonlinear quantum dissipation on 

the dynamical properties of the one-photon f-

DJCM in the large detuning approximation and 

at zero temperature has been investigated in 

[50]. In [51] and [52], quantum dynamics of a 

dissipative deformed harmonic oscillator and a 

two-mode f-deformed cavity field in a heat bath 

have been investigated respectively. 

Additionally, quantum dynamics of a harmonic 

oscillator in a deformed bath has been 

investigated in [53]. Also in [54], the influence 

of the counter-rotating terms on the quantum 

dynamics of the damped harmonic oscillator in 

a deformed bath has been investigated. The 

present study mainly aimed at investigating 

dynamical properties of the atom by the f-

DJCM model with and without the RWA. By 

the numerical method, we show that even under 

the condition in which the RWA is considered 
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to be valid, there are significant effects of 

virtual-photon field on the population 

inversion, the quantum fluctuation of atomic 

dipole variables and the atomic linear entropy. 

The rest of the paper is organized as follows: 

first a theoretical background will be given in 

section II; in section III, the reduced density 

matrix of the atom will be obtained with and 

without the rotating-wave approximation. In 

sections V, we study the effect of counter-

rotating terms and parameter deformation on 

the various atomic properties including 

population inversion, the quantum fluctuation 

of atomic dipole variables and the atomic linear 

entropy. Finally, the study will be summarized 

and concluded in section VI. 

II. THE NONDEGENERATE TWO-

PHOTON F-DJCM 

In this section, we consider a two-level atom 

interacting with two modes of an f-deformed 

cavity field beyond the rotating-wave 

approximation. The Hamiltonian for this 

system in the absence of RWA is as follows: 

  

0

1.2

1 2 1 2

ˆ ˆˆ ˆ
2

ˆ ˆ ˆ ˆ ˆ ˆ

i i i z
i

H A A

g A A A A


 

 




   

  

  

ℏ
ℏ

ℏ

, (3) 

where 1  and 2  are frequencies for the two 

modes of the field, 0  is the atomic transition 

frequency,  1122ˆ z  is the atomic 

inversion operator, )21,12(ˆ   are the 

operators describing the transition between the 

upper and lower atomic levels, and g is the 

atom-field coupling constant. For simplicity in 

the Hamiltonian (3), we ignore the term that 

describes the intensity-dependent Stark shift of 

two levels arising due to the transition to an 

intermediate level. The operators iÂ  and 

iÂ  

(i=1,2) are the f-deformed annihilation and 

creation operators constructed from the 

conventional bosonic operators 
iâ , 

iâ  

 ijji aa  ]ˆ,ˆ[  and number operator, iii aan ˆˆˆ 

, as follows: 

ˆ ˆˆ ˆ ˆ ˆ( ), ( )i i i i i i i iA a f n A f n a   , (4) 

where )ˆ( ii nf  is an arbitrary real function of 

number operator. The deformed operators iÂ  

and 

iÂ  satisfy the f-deformed bosonic 

oscillator commutation relations: 

      2 2ˆ ˆ ˆ ˆ ˆ ˆ, 1 1i j ij i i i i i iA A n f n n f n       , 

ˆ ˆˆ,

ˆ ˆˆ,

i j ij i

i j ij i

A n A

A n A



 

   

    

 (5) 

In the limiting case, 1)ˆ( ii nf , the 

Hamiltonian (3) becomes the nondegenerate 

two-photon non-deformed JC Hamiltonian 

beyond the RWA [55] and the algebra (5) 

reduces to the well-known Heisenberg-Weyl 

algebra generated by iâ , 
iâ , and the identity 

. This is very important because it can be 

directly used in the study of the intensity-

dependent atom-field interaction in quantum 

optics [56] and the study of the quantized 

motion of a single ion in a harmonic-oscillator 

potential trap [57]. Accordingly, the 

Hamiltonian (3) can be written as follows: 

   
     

0

1,2 1,2

1 1 2 2 1 2

1 2 1 1 2 2

ˆ ˆ ˆ ˆ( )
2

ˆ ˆ ˆ ˆ
ˆ ˆ

ˆ ˆ ˆ ˆ

i i i i z

i i

H n R n

f n f n a a
g

a a f n f n

  

 

 
 

 

   

 
   

 
ℏ

ℏ ℏ

ℏ

, (6) 

where 
iiiiii nnfnR ˆ)1)ˆ(()ˆ( 2  . As it can be 

seen, Hamiltonian (6) includes forms of the 

intensity-dependent atom-field coupling, 

)ˆ( ii nf , and the field nonlinearity, )ˆ(ˆ
ii nR . In 

fact, what the Hamiltonian(6) and the 

Hamiltonian (3) describe is an intensity-

dependent two-photon coupling between a 

single two-level atom and a non-deformed two-

mode radiation field when there are two 

additional nonlinear interactions: )ˆ( 11 nR  and 

)ˆ( 22 nR  beyond the RWA. If 

)1ˆ(1)ˆ(  iiii nknf , where ik  is a positive 

constant, the model consists of a single two-

level atom interacting via an intensity-

Î
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dependent two-photon coupling with a two-

mode field surrounded by two nonlinear Kerr-

like media contained inside a lossless cavity 

beyond the RWA[34]. Physically, 1k  and 2k  

are related to the dispersive part of the third-

order nonlinearity of the two Kerr-like media 

)( iii k   . 

III. THE REDUCED DENSITY MATRIX OF 

THE ATOM WITH AND WITHOUT THE 

ROTATING-WAVE APPROXIMATION 

In this section we obtain the reduced density 

matrix of the atom with and without the 

rotating-wave approximation. Let us write the 

Hamiltonian (3) as follows: 

HHHT
 ˆˆˆ

0  




 
2,1

00
ˆ

2
ˆˆˆ

i

ziii AAH 
ℏ

ℏ

 

  1 2 1 2
ˆ ˆ ˆ ˆˆ ˆ ˆH g A A A A        ℏ , (7) 

In the interaction picture we have: 

0 0
ˆ ˆ

1 2

1 2

ˆ ˆˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ( ) ( )

iH t iH t

I I I

I I I I

H t e H e g A t A t

A t A t  


 

 

  
    

ℏ ℏ ℏ
, 

 (8) 

where 

  
  

1 1 1 1 2 2 2

1 1 1 1 2 2 2

ˆ ˆ ˆ ˆ ˆ(t) exp

ˆ ˆ ˆ ˆ ˆexp

I
A i A A A A t

A i A A A A t

 

 

 

 

  

  
 

 
 

2 1 1 1 2 2 2

2 1 1 1 2 2 2

ˆ ˆ ˆ ˆ ˆ( ) exp ( )

ˆ ˆ ˆ ˆ ˆexp ( )

IA t i A A A A t

A i A A A A t

 

 

 

 

  

  
 

ti

titi

I eeet
zz

0

00

ˆˆ)(ˆ 2

ˆ

2

ˆ




 


 
 

ti

titi

I eeet
zz

0

00

ˆˆ)(ˆ 2

ˆ

2

ˆ




 


 
, (9) 

where we use      ˆ2ˆ,ˆ ∓z and the 

expansion [58] 

     
 

2

ˆ ˆ ˆˆ ˆ ˆexp exp ,

ˆ ˆ ˆ, ,
2!

A B A B A B

A A B

  


   

  
 

⋯
, (10) 

The time evolution operator in the interaction 

picture reads (Dyson expansion) 

  







 

t

II dttH
i

TtU
0

11
ˆexpˆ)0,(ˆ

ℏ
, (11) 

where T̂ is the time-ordering operator, which is 

a shorthand notation for the expansion 

 

 

   

     

1

1 2

1 1

0

1 1

0
2

1 2 1 2

0 0
3

1 2 3 1 2 3

0 0 0

ˆ ˆexp

ˆ1

ˆ ˆ

ˆ ˆ ˆ

t

I

t

I

tt

I I

t tt

I I I

i
T H t dt

i
H t dt

i
dt dt H t H t

i
dt dt dt H t H t H t

 
  

 

  

   
 
   

 
  





 

  

ℏ

ℏ

ℏ

ℏ

 

0 1 0 1

1 1 1 2 1 1 1 2 1

0

ˆ ˆ ˆ ˆ1 ( ) ( ) ( ) ( )

ˆ ˆ

t

I I I I

i t i t

ig dt A t A t A t A t

e e
  

 

 

     

    



 

 
1

0 1 0 1

2

1 2 1 1 2 1 1 1 2 1

0 0

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ

tt

I I I I

i t i t

ig dt dt A t A t A t A t

e e
  

 

 

     

   

   

0 2 0 2

1 2 2 2 1 2 2 2
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ

I I I I

i t i t

A t A t A t A t

e e
  

 

 

    
    ⋯

 (12) 

The density operator of the total system )(ˆ tI  

is given by: 

)(ˆ)0(ˆ)(ˆ)(ˆ tUtUt IIII

  , (13) 

If we use relations (12) and (13), we have: 

   

   
1

1 1
0

2

1 2 1 2
0 0

ˆˆ 1

ˆ ˆ

t

I I

tt

I I

i
t H t dt

i
dt dt H t H t

   


        
  

ℏ

ℏ
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1

1 1
0

2

1 2 1 2
0 0

ˆˆ 0 1

ˆ ˆ

t

I I

tt

I I

i
H t dt

i
dt dt H t H t

   


        
  

ℏ

ℏ

 

0 1 0 1

1 1 2 1
1

0 1 1 2 1

ˆ ˆ( ) ( )
1 ˆ ˆ( ) ( )

ˆ ˆ

t
I I

I I

i t i t

A t A t
ig dt

A t A t

e e  

 

 

  
     

    

 

 
1

0 1 0 1

2
1 1 2 1

1 2
0 0 1 1 2 1

ˆ ˆ( ) ( )
ˆ ˆ( ) ( )

ˆ ˆ

tt
I I

I I
i t i t

A t A t
ig dt dt

A t A t

e e
  

 

 

 
      

    

0 2 0 2

1 2 2 2 1 2 2 2
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ

I I I I

i t i t

A t A t A t A t

e e  

 

 

    
      ⋯

 

0 1 0 1

1 1 2 1
1

0 1 1 2 1

ˆ ˆ( ) ( )ˆ (0) 1
ˆ ˆ( ) ( )

ˆ ˆ

t
I I

I

I I

i t i t

A t A t
ig dt

A t A t

e e
 



 

 

 

  
     

    

 
1

0 1 0 1

2
1 1 2 1

1 2
0 0 1 1 2 1

ˆ ˆ( ) ( )
ˆ ˆ( ) ( )

ˆ ˆ

tt
I I

I I
i t i t

A t A t
ig dt dt

A t A t

e e
  

 

 

 
     

    

020 2 2

1 2 2 2 1 2 2 2
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ

I I I I

i ti t

A t A t A t A t

e e
 

 

 

    
      ⋯

 

1 1 2 1

1 2 2 2

1 1 2 1

2
1 2 2 2

1 2
0 0 1 1 2 1

1 2 2 2

1 1 2 1

1 2 2 2

ˆ ˆ ˆ( ) ( ) (0)
ˆ ˆ( ) ( )
ˆ ˆ ˆ( ) ( ) (0)
ˆ ˆ( ) ( )ˆ (0)
ˆ ˆ( ) ( ) (0)
ˆ ˆ( ) ( )

ˆ( ) ( ) (0)

( ) ( )

I I I

I I

I I I
t t

I I
I

I I I

I I

I I I

I I

A t A t

A t A t

A t A t

A t A tg dt dt
A t A t

A t A t

A t A t

A t A t










 

 

 

 

 
 
 

      


 






 




 

 

0 2 1 0 2 1( ) ( )ˆ ˆ ˆ ˆi t t i t t
e e

               

0 2 2

1 2 2 2
2

0 1 2 2 2

ˆ ˆ( ) ( )ˆ (0) ˆ ˆ( ) ( )

ˆ ˆ o

t
I I

I

I I
i t i t

A t A t
ig dt

A t A t

e e 



 

 

 

 
    

    

 

 0 1 0 1

1 1 1 2 1 1 1 2 1
0

3

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆˆ ˆ (0)

t

I I I I

i t i t

I

ig dt A t A t A t A t

e e O g   

 

 

     

      ⋯
 (14) 

where we have used    2 2

ˆ ˆ 0     and

   ˆ ˆ
I IH t H t

 . In section V, the coupling 

constant has been considered small 









 01.0

0
g

; therefore, we will ignore the 

sentences of 3g  and higher order in the 

following relations. 

Now the reduced density matrix of the atom can 

be obtained by tracing out the cavity field 

degrees of freedom as follows: 

   ˆ ˆ ˆ( ) ( ) (0)a f I f It Tr t Tr      

1 1 2 1

1 2 2 2

1 1 2 1

2
1 2 2 2

1 2

0 0 1 1 2 1

1 2 2 2

1 1 2 1

1 2 2 2

ˆ ˆ ˆ[ ( ) ( ) (0)
ˆ ˆ( ) ( )]

ˆ ˆ ˆ[ ( ) ( ) (0)
ˆ ˆ( ) ( )]

ˆ ˆ[ ( ) ( ) (0)
ˆ ˆ( ) ( )]

ˆ[ ( ) ( ) (0)

( ) ( )]

f I I I

I I

f I I I
t t

I I

f I I I

I I

f I I I

I I

Tr A t A t

A t A t

Tr A t A t

A t A tg dt dt
Tr A t A t

A t A t

Tr A t A t

A t A t









 

 

 

 










 




 
 
 

 
 
 
 
 



 

0 2 1 0 2 1( ) ( )ˆ ˆ ˆ ˆi t t i t t
e e

               

0 2 2

1 2 2 2
2

1 2 2 20

ˆ ˆ( ) ( )ˆ (0)
ˆ ˆ( ) ( )

ˆ ˆ o

t

I I
I f

I I
i t i t

A t A t
ig dt Tr

A t A t

e e
 



 

 

 

 
   

    



 

0 1 0 1

1 1 1 2 1 1 1 2 1

0

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆˆ ˆ (0) (15)

t

f I I I I

i t i t

I

ig dt Tr A t A t A t A t

e e
   

 

 

    

   



 

Let the initial density matrix of the total system 

be a product state as follows: 

)0(ˆ)0(ˆ)0(ˆ
faI    (16) 

where )0(ˆ
a  is the initial density matrix of the 

two -level atom and )0(ˆ
f is the initial density 

of cavity-field. We assume that the field is 

initially in a two-mode f-deformed coherent 

state 2121 ,,, ffzz , 

1 2 1 2 1 2 1 2
ˆ (0) , , , , , ,f z z f f z z f f  

 

1 2

11 2

1 2

1 1 2 2
, 0

* *

1 1 2 2 1 2 1 2

( , ) ( , )

( , ) ( , ) , ,

n n
n n

n n

C z f C z f

C z f C z f n n n n




 


 (17) 
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where 
))!((

),(
2

iii

n

ii
iin

nfn

zN
fzC

i

i
  ( iN  is the 

normalization constant) and ii

ii ezz
  [59]. 

The states 2121 ,,, ffzz  are defined as right 

eigenstates of the f-deformed annihilation 

operator 
1 2 1 1 1 2 2 2

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )A A a f n a f n , i. e.

.;,;,ˆˆ
212121212121 ffzzzzffzzAA   

Now we use  0ˆ)]0(ˆ[ aIfTr    and the 

following relations (see Appendix for details): 

1 1 2 1 1 2 2 2
ˆ ˆ ˆ ˆˆ( ) ( ) (0) ( ) ( )f I I f I ITr A t A t A t A t      

1 2

1 2 1 1 2 1
, 0

1 2 2 2 1 2

ˆ ˆ ˆ, ( ) ( ) (0)

ˆ ˆ( ) ( ) ,

I I f
n n

I I

n n A t A t

A t A t n n




 


 

 
 

 
1 2

1 2

2 2

1 2 1 1 1 1 2 2

, 0

1 1 1 2 2 2 2 1

( , ) ( , )

exp [ ( 1) ( 1)][ ]

n n

n n

n n C z f C z f

i n n t t   



 


  

     


 

 (18) 

1 1 2 1 1 2 2 2
ˆ ˆ ˆ ˆˆ( ) ( ) (0) ( ) ( )f I I f I ITr A t A t A t A t       

1 2

1 2 1 1 2 1
, 0

1 2 2 2 1 2

ˆ ˆ ˆ, ( ) ( ) (0)

ˆ ˆ( ) ( ) ,

I I f
n n

I I

n n A t A t

A t A t n n





 

 

 
 

   

1 2

1 2

1 2

, 0
2 2

1 1 1 1 2 2

1 1 1 2 2 2 2 1

( 1)( 1)

( , ) ( , )

exp ( ) ( )

n n

n n

n n

C z f C z f

i n n t t   





 

   

  
  



 (19) 

1 1 2 1
ˆ ˆ ˆ( ) ( ) (0)f I I fTr A t A t       

212221

0,

21 ,)0(ˆ)(ˆ)(ˆ,
21

nntAtAnn fII

nn





 =0 

1 1 2 1
ˆ ˆ ˆ( ) ( ) (0)f I I fTr A t A t      

212221

0,

21 ,)0(ˆ)(ˆ)(ˆ,
21

nntAtAnn fII

nn






 =0  

1 1 2 1
ˆ ˆˆ (0) ( ) ( )f f I ITr A t A t       

212221

0,

21 ,)(ˆ)(ˆ)0(ˆ,
21

nntAtAnn IIf

nn





  =0 

1 1 2 1
ˆ ˆˆ (0) ( ) ( )f f I ITr A t A t     

1 2

1 2 1 2 2 2 1 2

, 0

ˆ ˆˆ, (0) ( ) ( ) , 0f I I

n n

n n A t A t n n


 



 
 

 (20) 

1 1 2 1 1 2 2 2
ˆ ˆ ˆ ˆˆ( ) ( ) (0) ( ) ( )f I I f I ITr A t A t A t A t        

1 2

1 2 1 1 2 1

, 0

1 2 2 2 1 2

ˆ ˆ ˆ, ( ) ( ) (0)

ˆ ˆ( ) ( ) , 0

I I f

n n

I I

n n A t A t

A t A t n n




 


 

 

 


 

1 1 2 1 1 2 2 2
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where we have defined 
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If we use the rotating wave approximation (with 

ignoring the term   IIIIII AAAA  ˆˆˆˆˆˆ
2121

 in the 

Eq. (8)), we have 
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The time-evolution IU ˆ  is given by: 
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If we use the relation (13), we have 
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In this section, we will also ignore the sentences 

of 3g and higher order in the following relations 

because the coupling constant has been 

considered small 







 01.0

0
g

as the state of 

without rotating wave approximation. By using 

Eq.(13, 15, 16, 18-22), we have 
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We assume that the two-level atom is initially 

prepared in a coherent superposition of the 

excited state 2  and the ground state 1 , 

,)0(ˆ
2,1,

*



k

kaaa kCC
ℓ

ℓ
ℓ

2 2

1 2 1C C    (28) 

IV. DYNAMICAL PROPERTIES OF THE 

ATOM 

In this section we shall study the effect of 

counter-rotating terms and parameter 

deformation on the various atomic properties 

including population inversion, the quantum 

fluctuation of atomic dipole variables and the 

atomic linear entropy. 

A. Atomic Population Inversion with and 

without the RWA 

Quantum interference in phase space is said to 

result in the revival of the atomic inversion 

[60]. Therefore, origin of this non-classical 

phenomenon is the quantum coherence resulted 

from the interaction between the cavity-field 

and the atom. Ionization detectors have been 

used to monitor the atomic beam exiting the 

cavity [61]. By using the reduced atomic 

density operator (15), in the absence of the 

RWA, the atomic population inversion at time t 

is obtained as follows: 

1
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Here, we used 1122ˆ z , 

2

1

2

2 CCB  . By changing the integration 

variables as follows: 
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We find: 
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If we use the relation (27), in the presence of the 

RWA, we have 
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From (30) and it follows that: 
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In Fig. 1 we plot the population inversion )(1 tW  

as a function of the scaled time t0 , in absence 

of the RWA, for an initially prepared excited 

atomic state )1,0( 21  CC interacting off-

resonantly ( 5
0

2

0

1 






)with the two-mode 

cavity field in three cases: 

(i) non-deformed case with )ˆ()ˆ( 2211 nfnf  =1, 

q=1, 

(ii) two-mode deformed case with

1

1

ˆ

1
)ˆ(

ˆ





q

q

n
nf

in

i

ii
,   q=0.9, i=1,2, 

(iii) two-mode deformed case with

1

1

ˆ

1
)ˆ(

ˆ





q

q

n
nf

in

i

ii
,   q=1.1,i=1,2. 

The deformation parameter q may be viewed as 

a phenomenological constant controlling the 

strength of the intensity-dependent coupling 

between the atom and the field. Furthermore, 

the choice of the nonlinearity function as 

1

1

ˆ

1
)ˆ(

ˆ





q

q

n
nf

n

 corresponds to the maths-

type q-deformed coherent state [43]. In Fig. 2, 

we plot the population inversion )(2 tW  in the 

presence of the RWA with the same values as 

the rest of the parameter in Fig. 1. In the 

absence of the RWA, the atomic inversion for 

the degenerate two-photon non-deformed JCM 

oscillates around zero and amplitude of 

oscillations increases over time. We also see 

that atomic inversion for the non-degenerate 

two-photon deformed DJCM (q=1.1) shows 

slow oscillations in an irregular manner around 

zero. We also observe that in the deformed state 

(q=0.9), the collapse-revival phenomena can 

occur and the amplitude and the time of 

collapse and revival oscillations increases over 

time. In fact, the collapse-revival phenomena 

can occur with the decrease deformation 

parameter due to the deformed model under 

consideration. As Fig. 2 shows, the atomic 

inversion is always greater than the JCM and 

DJCM model without the rotating wave 

approximation    )( 12 tWtW  . This means that 

in the JCM and DJCM models beyond the 

RWA, more energy is stored in the cavity field 

and the atom tends to remain in the ground 

state. This is caused by virtual-photon 

processes. 

 
Fig. 1. Time evolution of the population inversion

1( )W t , in absence of the RWA, for a two-level atom 

initially prepared in the excited atomic state 

1 2( 0, 1)C C   interacting off-resonantly with the 

state 2121 ;, ffzz for two-mode cavity field in 

three cases (q=1, q=0.9, q=1.1). We have set

1021  zzz , 01.0
0



g

5
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0
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Fig. 2. Time evolution of the population inversion

)(2 tW , in presence of the RWA, for a two-level 

atom initially prepared in the excited atomic state 

1 2( 0, 1)C C   interacting off-resonantly with the 

state 2121 ;, ffzz for two-mode cavity field in 

three cases (q=1, q=0.9, q=1.1). We have set

1021  zzz , 01.0
0



g

5
0

2

0

1 






 

B. Atomic Dipole Squeezing 

The following slowly varying Hermitian 

quadrature operators were considered in this 

work in order to examine the quantum 

fluctuations of atomic dipole variables and to 

analyze the effect of CRTS on squeezing them 

 1
ˆ ˆ ˆ( )

2
o oi t i t

x t e e
       (34) 

 1
ˆ ˆ ˆ( )

2
o oi t i t

y t e e
i

       (35) 

The absorptive and dispersive components of 

the atomic polarization amplitude are 

represented by ŷ and x̂ , respectively [62]. 

These components follow 2ˆ]ˆ,ˆ[ zyx i  , 

which is the commutation relation. Thus, the 

uncertainty relation of Heisenberg is 

    222
)(ˆ

16

1
)(ˆ)(ˆ ttt zyx    (36) 

Here,   222
)(ˆ)(ˆ)(ˆ ttt iii   is the 

variance in ),(ˆ yxii   of the atomic dipole. 

If the variance in î  satisfies the condition, 

the component fluctuation for ),(ˆ yxii   is 

squeezed 

  )(ˆ
4

1
)(ˆ

2
tt zi   ,      (i=x or y) (37) 

Because
4

1
)(ˆ 2 ti as the following will be 

resulted       ,0ˆˆ41
2

 tttF zii   (i=x 

or y) (38) 

 Now, we assume that the two-level atom is 

initially in the state 

1 1
1 2

2 2
a

    (39) 

If we use the relation (28), we obtain 

2

1
21  CC  (40) 

In the absence of the RWA, we can write 
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In the presence of the RWA, we have 
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In Fig. 3, we plot the time evolution of  tF x1  

corresponding to the squeezing of  tx1 , in the 

absence of the RWA, for an initially mixed 

atomic state (
2

1
21  CC ) interacting off-

resonantly ( 5
0

2

0

1 






) with the cavity field 

under the three different aforesaid cases. As it 

can be seen, in the absence of the RWA, the 

function  tF x1 shows oscillation n an irregular 

manner around (   11 tF x ) and  tx1  can be 

squeezed for the degenerate two-photon non-

deformed JCM (q=1) and non-degenerate two-

photon deformed DJCM (q=0.9) in most of the 

time regions. Furthermore, it is observed that 

the function  tF x1 shows oscillation in an 

irregular manner around (   11 tF x ) and 

 tx1  can be squeezed for the non-degenerate 
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two-photon deformed DJCM (q=1.1) almost at 

all the time. 

We also observe that by decreasing the 

deformed parameter, the amplitude and the time 

of atomic dipole squeezing oscillations 

increases. Physically, it is due to the deformed 

model under consideration. In Fig. 4, we show 

the effect of the RWA on the temporal 

evolution of atomic dipole squeezing. As it can 

be seen, in the presence of the RWA, the 

function  tF x2 oscillation in a regular manner 

around (   12 tF x ) and  tx2  can be 

squeezed for the degenerate two-photon non-

deformed JCM (q=1) and the non-degenerate 

two-photon deformed DJCM (q=1.1, q=0.9) at 

all time. This means that the influence of 

counter-rotating terms leads to irregular 

oscillation atomic dipole squeezing and 

disappearance of dipole squeezing in some time 

regions. In fact, by comparing Fig.3 with Fig.4, 

we find that there exists destructive effect of 

virtual-photon on dipole squeezing. In Fig.5, 

we plot the time evolution of  tF y1  

corresponding to the squeezing of  ty1 , in the 

absence of the RWA, for an initially mixed 

atomic state (
2

1
21  CC ) interacting off-

resonantly )5(
0

2

0

1 






with the cavity field 

under the three different aforesaid cases. As it 

can be seen, in the absence of the RWA, the 

function  tF y1  shows oscillation in an 

irregular manner around (   01 tF y
) and 

fluctuation in  ty1  is not squeezed for 

degenerate two-photon non-deformed JCM 

(q=1) and non-degenerate two-photon 

deformed DJCM (q=1.1, q=0.9) in most of the 

time regions. In Fig.6, we show the effect of the 

RWA on the temporal evolution of atomic 

dipole squeezing. As it can be seen, in the 

presence of the RWA, the function  tF y2

oscillation in a regular manner around 

 2
( 0)

y
F t   and  ty2  can be squeezed for the 

degenerate two-photon non-deformed JCM 

(q=1) and the non-degenerate two-photon 

deformed DJCM (q=1.1, q=0.9) in exactly half 

time range. This means that the influence of 

counter-rotating terms leads to the time of 

atomic dipole squeezing decreasing. 

C. Atomic Linear Entropy 

As a known fact, providing that the atom and 

the field in the JMC are originally made in a 

pure form, the atom-field system changes to an 

entangled form when t>0. In this state, the atom 

and the field individually are in mixed states. 

The stability of a pure state is resulted when the 

state’s quantum coherence is maintained along 

its time evolution. Therefore, an initial state of 

pure quantum ( ̂ ) will be stable providing that 

1ˆ 2 Tr , at all times. The linear entropy [63]
2ˆ1 TrS   can be used to measure the 

stability. The time evolution of the atomic 

entropy replicates that of the entanglement 

degrees between the field and atom. Greater 

entropy will cause higher entanglement 

between the field and the atom. 

 

Fig. 3. Time evolution of )(1 tF x  corresponding to 

the squeezing of )(1 tx , in absence of the RWA, 

for a two-level atom initially prepared in a coherent 

superposition state 1 2

1
( )

2
C C   interacting off-

resonantly with the state 2121 ;, ffzz for two-

mode cavity field in three cases (q=1, q=0.9, 
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q=1.1).We have set 1021  zzz ,

5,01.0
0

2

0

1

0
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Fig. 4. Time evolution of )(2 tF x  corresponding  to 

the squeezing of )(2 tx , in presence of the RWA, 

for a two-level atom initially prepared in a coherent 

superposition state )
2

1
( 21  CC interacting off-

resonantly with the state 2121 ;, ffzz for two-

mode cavity field in three cases (q=1, q=0.9, q=1.1). 

We have set 1021  zzz , ,01.0
0
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Fig. 5. Time evolution of )(1 tF y  corresponding to 

the squeezing of )(1 ty , in absence of the RWA, 

for a two-level atom initially prepared in a coherent 

superposition state )
2

1
( 21  CC interacting off-

resonantly with the state 2121 ;, ffzz for two-

mode cavity field in three cases (q=1, q=0.9, 

q=1.1).We have set 1021  zzz ,

,01.0
0
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Fig. 6.Time evolution of )(2 tF y  corresponding to 

the squeezing of )(2 ty , in presence of the RWA, 

for a two-level atom initially prepared in a coherent 

superposition state )
2

1
( 21  CC interacting off-

resonantly with the state 2121 ;, ffzz for two-

mode cavity field in three cases (q=1, q=0.9, q=1.1). 

We have set 1021  zzz , ,01.0
0
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In the absence of RWA, we can write 
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Then, in the absence of RWA, the time 

evolution of the atomic linear entropy is given 

by 

 2

1
ˆ1 ( )

a a a
S Tr t   (46) 

In the presence of RWA, we can write 
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Then, in the presence of RWA, the time 

evolution of the atomic linear entropy is given 

by 

 2

2
ˆ1 ( )

a a a
S Tr t    (48) 

 
Fig. 7. Time evolution of the atomic linear entropy

)(1 tS a , in absence of the RWA, for a two-level 

atom initially prepared in ground state 

)0,1( 21  CC interacting off-resonantly with 

the state 2121 ;, ffzz for two-mode cavity field in 

three cases (q=1, q=0.9, q=1.1). We have set 

1021  zzz , 5,01.0
0
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0
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Fig. 8. Time evolution of the atomic linear entropy

)(2 tS a , in presence of the RWA, for a two-level atom 

initially prepared in the ground state )0,1( 21  CC

interacting off-resonantly with the state 2121 ;, ffzz

for two-mode cavity field in three cases (q=1, q=0.9, 

q=1.1). We have set 1021  zzz ,

5,01.0
0
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0

1

0
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In Figs. 7 and 8, we plot the time evolution of 

the atomic linear entropy in the absence and 

presence of the RWA respectively ( aa SS 21 , ). 

From Fig. 7, it follows that in the absence of the 

RWA, the atomic linear entropy in the two-

photon non-deformed JCM behaves quasi-

periodically with local maxima and minima in 

the course of time evolution. The presence of 

the local maxima and minima is, respectively, 

duo to the entanglement and disentanglement 

between the field and atom. For the non-

degenerate two-photon DJCMs under 

consideration, the atomic linear entropy 

exhibits a chaotic behavior. We also observe 

that the maximum and the minimum atomic 

linear entropy amplitude were influenced by the 

deformation parameter. In fact, the minimum 

values of the entanglement between the atom 

and field can be increased by decreasing the 

deformation parameter. By comparing Fig. 7 

with 8, we notice that entanglement amplitude 

decreases by the rotating-wave approximation. 

Physically, it is due to the influence of counter-

rotating terms on the atomic linear entropy. 

This shows the significance of the effect of 

virtual-photon field on the atomic linear 

entropy. We observe in the two-photon non-

deformed JCM (q=1) with and without the 

RWA, the maximum entanglement amplitude 

increases with the time which means that the 

atom and the cavity-field combined system can 

increase its initial maximal entangled state 

periodically. 

V. SUMMARY AND CONCLUSION 

In this paper, we studied dynamical properties 

of an effective two-level atom coupled to a two-

mode f-deformed cavity field with and without 

the rotating wave approximation. Then, we 

investigated the effect of the counter-rotating 

term on temporal evolution of various non-

classical properties of the atom, i.e., atomic 

population inversion, atomic dipole squeezing 

and atom-field entanglement. Particularly, we 
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compared the numerical results for three 

different values of the deformation parameter q 

(q=1, q=1.1, q=0.9) with and without the 

rotating wave approximation. We observed in 

the absence of the RWA, the atomic inversion 

for the degenerate two-photon non-deformed 

JCM oscillates around zero and amplitude of 

oscillations increases over time. We also saw 

that atomic inversion for the non-degenerate 

two-photon deformed DJCM (q=1.1) shows 

slow oscillations in an irregular manner around 

zero. We also observed that in the deformed 

state (q=0.9), the collapse-revival phenomena 

can occur and the amplitude and the time of 

collapse and revival oscillations increases over 

time. Furthermore, it was observed that the 

atomic inversion is always greater than the JCM 

and DJCM model without the rotating wave 

approximation    )( 12 tWtW  . 

It was also seen that in the absence of the RWA, 

the function  tF x1  shows oscillation in an 

irregular manner around (   11 tF x ) and 

 tx1  can be squeezed for the degenerate two-

photon non-deformed JCM (q=1) and non-

degenerate two-photon deformed DJCM 

(q=0.9) in most of the time regions. 

Furthermore it is observed that the function

 tF x1 shows oscillation in an irregular manner 

around (   11 tF x ) and  tx1  can be 

squeezed for the non-degenerate two-photon 

deformed DJCM (q=1.1) almost at all the time. 

It was also seen that in the presence of the 

RWA, the function  tF x2  oscillation in a 

regular manner around (   12 tF x ) and  tx2  

can be squeezed for the degenerate two-photon 

non-deformed JCM (q=1) and the non-

degenerate two-photon deformed DJCM 

(q=1.1, q=0.9) at all time. It was also seen that 

in the absence of the RWA, the function  tF y1  

shows oscillation in an irregular manner around 

(   01 tF y ) and fluctuation in  ty1  is not 

squeezed for degenerate two-photon non-

deformed JCM (q=1) and non-degenerate two-

photon deformed DJCM (q=1.1, q=0.9) in most 

of the time regions. It was also seen that in the 

presence of the RWA, the function  tF y2  

oscillation in a regular manner around (

  02 tF y ) and  ty2  can be squeezed for the 

degenerate two-photon non-deformed JCM 

(q=1) and the degenerate two-photon deformed 

DJCM (q=1.1, q=0.9) in exactly half time 

range. It was also observed that in the absence 

of the RWA, the atomic linear entropy in the 

two-photon non-deformed JCM behaves quasi-

periodically with local maxima and minima in 

the course of time evolution. The presence of 

the local maxima and minima is, respectively, 

due to the entanglement and disentanglement 

between the field and atom. For the non-

degenerate two-photon DJCMs under 

consideration, the atomic linear entropy 

exhibited a chaotic behavior. As it was seen, the 

maximum and the minimum atomic linear 

entropy amplitude were influenced by the 

deformation parameter. In addition, we 

observed that both factors, quantum 

deformation and counter-rotating terms, 

reinforce each other in the occurrence of 

nonlinear effects. 

APPENDIX 

In this appendix we prove the Eq.(18-21). First 

we prove the Eq.(18) 
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where we have used the Eq.(4, 9, 22) . Now we 

prove the relation (19) 
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where we have used the Eq.(4, 9, 22). Now we 

prove the Eq. (20) 
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and 
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Now we prove the Eq. (21) 
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