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ABSTRACT— In this paper, a three ring-

resonator serially coupled is considered as an 

optical filter. We are going to improve the 

performance of the designed optical filter by 

increasing the quality factor and finesse of 

filtered wavelengths. The first and last rings are 

coupled to the bus waveguides that carry the 

input and output fields. The effect of coupling 

parameters and ring radii on the filtering of 

operating wavelengths which are between 1545-

1550 nm with narrow Free Spectral Range (FSR) 

less than 0.5 nm is investigated. Using the 

transfer matrix method, all the rotating and 

output fields are obtained. FSR, Full Width at 

Half Maximum (FWHM) and Finesse (F) are 

evaluated by the wavelength response plots of the 

output ports obtained in Wolfram Mathematica. 

The behavior of structure is analyzed by a new 

approach in order to filter the resonant 

wavelengths of the transmission channel with 

higher finesse. 

KEYWORDS: coupled ring-resonators, optical 

filter, coupling coefficients, radius of ring. 

I. INTRODUCTION 

Optical ring resonators have been used as very 

useful tools in the optical integrated circuits 

since many years ago [1]–[39]. They do not 

require bulky electrical cavities and complex 

optical structures for the light feedback. So, 

they can be made in small micrometer  

configurations and different combinations of 

them have been used for many applications [3], 

[4], [6], [11], [13], [16], [18], [21]–[28], [31], 

[32], [38]–[40]. Sequence of ring resonators 

have been widely used as optical filters [3], [4], 

[10], [13], [16], [21]–[23], [25], [26], [28], [29], 

[37]. Diverse structures have been explored, 

among which the Coupled Resonator Optical 

Waveguide (CROW) as shown in Fig. 1, is one 

of the most applied [11]–[13], [15], [16], [20], 

[26], [32]. The structure is investigated in this 

paper with a different approach as an optical 

filter. The first decade of the history of CROWs 

was discussed in the article review [12] from 

the original idea to the latest applications. Since 

then, there have been many studies in the 

CROWs, which are discussed below. 

 
Fig. 1. Schematic view of a coupled-resonator optical 

waveguide (CROW), dotted red lines show the 

propagation direction of fields in the ring resonators. 

CROW-based band-pass filter in TriPleX™ 

technology was proposed experimentally for 

microwave photonic signal processing [13]. A 

full-wave finite difference time domain study of 

ideal and disordered CROW was presented in 

[11]. A novel optical single-sideband 

modulation system by employing an optical 

band-pass filter based on silicon-on-insulator 

CROWs demonstrated experimentally in [26]. 

Quantum and thermal noise limits of CROW 

was analyzed theoretically [32]. High order 

exceptional points of degeneracy was generated 

in [41] by a novel theoretical approach in 

photonic structures based on CROWs. A review 
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and perspective of CROWs as optical delay 

lines was presented in [18]. 

In this paper, the CROW with three micro-rings 

is considered as an optical filter. The filtering 

performance of the desired structure is 

improved by investigating the effect of 

coupling coefficients and ring radii on the 

filtering of resonant wavelengths with higher 

finesse. Up to our knowledge, we haven’t seen 

this approach for affecting the performance of 

CROW as an optical filter. The system is 

analyzed in Sec. II by the coupled mode theory 

and transfer matrix technique [3], [6], [15], 

[20], [32], [41]. Numerical results are shown in 

Sec. III and the concluding remarks are made in 

Sec. IV. 

II. THEORETICAL MODEL 

The structure described in this paper as shown 

in Fig. 2, consists of three serially coupled rings 

which coupled at the beginning and end to two 

bus waveguides. The input fields ( ),in addE E  

that are continuous waves enter from the input 

channels and after guiding through the rings, 

specified frequencies according to the resonant 

frequency of structure, are filtered or passed 

from the output ports. In Fig. 2, the output ports 

carry output fields ,tr drE E , called transmission 

and dropping channel respectively. In the 

designed structure of CROW it is possible to 

change the resonant frequencies of the structure 

by changing the coupling coefficients or the 

radius of rings. Because the optical path-length 

varies and resonant wavelengths that occur when 
the optical length is multiple of wavelength, will be 

affected. Also, the coupling between the rings 

causes  the variation of full width at half 

maximum intensity of resonant frequencies. 

Therefore, it is possible to narrow or widen the 

filtered bands depending on the application. 

By considering the lossless coupling region 

( )2 2 1j jr + =  and formulating this area [33], the 

relations of the fields, as shown in Fig. 2, are as 

following: 
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where  is the loss coefficient, jL  is the 

circumference of jth ring and andj jr  and jr  

are the coupling and transmission coefficient of 

jth ring to (j+1)th ring respectively. The 

wavelength of propagating mode is  with the 

wavenumber 2n  =  and n is the refractive 

index of the ring material. According to this 

denomination, the coupling parameters of the 

first ring to bus waveguide are 0 0and r  By 

solving two relations of Eq. (1) with two 

variables , 1 , 1,a j b jE E+ + , the transfer matrix of 

coupling region is given as, 
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Fig. 2. Three serially coupled rings (CROW with 

three rings) and the propagating electric fields. jR  is 

the ring radius, 
j

  is the coupling coefficients where 

j=0-3. 

To find the output fields, this matrix is 

multiplied by itself N times, where N is the 

number of coupling regions. For the last ring, it 

should be noted that the phase statement in the 

last matrix will be zero ( )4 0L = . If 
4
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denotes the total transfer matrix of the structure, 

assuming no signal is received from the second 

waveguide ( ),4 0.0bE = , the ratio of the output-

to-input fields according to the components of 

this matrix is obtained as following: 
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 (3) 

By the mentioned matrix method, all field 

intensities of the structure can be calculated and 

analyzed. The corresponding math operations 

and drawing of the diagrams were performed 

using Mathematica software. 

III. ANALYTICAL RESULTS 

Cascade ring resonators are more prominent 

than single ring resonator due to their ability to 

vary the frequency spectrum [3], [6], [7], [18], 

[19], [25]. Because of the coupling regions 

between the rings in cascade ring resonators, 

the field is transferred through the rings and the 

optical path-length varies. When light of the 

resonant wavelength is passed through the 

rings, it builds up in intensity over multiple 

round-trips due to constructive interference. 

Therefore, the resonant frequencies that filter or 

pass in different output channels and cause 

maximum or minimum intensity vary and the 

frequency spectrum is affected. 

CROW is one of the most famous cascade ring 

resonators. In this study, CROW with three 

rings is considered to investigate the effect of 

coupling coefficients and ring radii on the 

filtering with higher finesse  and quality factor  

[34]. A quality measure of the microring is the 

Finesse F, which is the ratio between the FSR 

and FWHM ( )F FSR FWHM= . A parameter 

which is closely related to the finesse is the 

quality factor Q of a resonator, which is a 

measure of the sharpness of the resonance and 

is defined as the ratio of the operating 

wavelength and the resonance width 

( )FWHMQ = . FSR is defined as the 

difference in position between two consecutive 

resonant peaks and FWHM is the width of a 

resonance for a specific wavelength. 

Adding rings to this structure increases greatly 

the effective parameters on the desired purpose 

which leads to the confusion of the 

investigation. However, decreasing the number 

of rings, increases the FWHM as shown in Fig. 

4 and causes the lower quality factor. 

Therefore, three coupled rings are considered in 

this paper for the better understanding of the 

effect of the desired parameters on the efficient 

filtering. The ring resonators and coupling 

regions are considered lossless and the silicon-

on-insulator ring [39] with the refractive index 

n=3.45 is applied. A typical silicon-on-

insulator (SOI) wafer consists a thin layer of 

single-crystalline silicon (Si) separated from 

the bulk silicon substrate by a layer of silicon 

oxide (SiO2). The fabrication process of SOI 

microring devices, like what is theoretically 

analyzed in this study, was discussed 

completely in chapter 4 of [42]. SOI coupled 

ring resonators made up of small silicon blocks 

with high refractive index n2=3.45 are 

surrounded by a silicon oxide SiO2 bottom 

cladding (n=1.4) and a low index top cladding 

(air), as shown in Fig. 3 for desired number of 

rings. The presence of a material with high 

refractive index (the waveguide core) 

surrounded by a material with lower refractive 

index leads to total internal reflection 

phenomena that forces the beam to bounce back 

inside the core each time it reaches the 

waveguide walls. 

 
Fig. 3. Schematic view, not at scale, of a CROW 

waveguide fabricated on SOI chip. 

Many studies have been done to investigate 

how changing the bending radii, waveguide 

coupling lengths or coupling gaps affects the 
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coupling area and leads to specific coupling 

coefficients [42]–[52]. According to the 

reported experimental results the applied 

coupling coefficients in the present study are 

achievable in practice for the used geometric 

properties of the structure. 

Transmission channel spectrum of CROW with 

three rings is compared in Fig. 4 with that of 

single ring. IT and IIn are the field intensity of 

transmission and input channels, respectively. 

For the simplicity, all of the coupling 

coefficients and ring radii are considered the 

same ( )0.7, 80R m = = . It is seen that the 

coupling between the rings cause changing the 

resonance modes and so, more wavelengths are 

filtered relative to the single ring. Also, the 

quality factor of the structure is increased about 

30% comparing to the single ring, because of 

decreasing the FWHM. 

 
Fig. 4. Comparison of transmission channel 

spectrum of CROW with three rings (solid-line) and 

CROW with single ring (dashed-line). IT and IIn are 
the field intensity of transmission and input channels, 

respectively ( )0.7, 80R m = = . 

In the CROW structure with three rings, the 

parameters affecting the performance of the 

system are so much and it is very difficult to 

find the optimal filtering in the transmission 

channel. Hence, first, we investigate the effect 

of several different ring radii while all the 

coupling coefficients are the same, then, by 

choosing the best radii, the effect of coupling 

coefficients on the filter improvement is 

investigated.  In Fig. 5, the transmission 

spectrum is shown for the CROW with the same 

ring radii while all the coupling coefficients are 

0.7 =  and three conditions are compared. In 

blue solid-line, ring radii are 20R m= , in red 

solid-line: 80R m=  and in black dashed-line: 

150R m= . As shown in the figure, although 

increasing the radius of rings causes filtering of 

more wavelengths at the specified range with 

smaller FWHM, infinitely large radii cannot be 

selected to filter more signals. Since, by 

increasing the radius, the FSR is also decreased, 

so, the finesse is not improved. 

 
Fig. 5. The transmission spectrum of CROW with 

three rings of the same radii: 𝑅 = 20𝜇𝑚 (blue solid-

line), 𝑅 = 80𝜇𝑚 (red solid-line) and 𝑅 = 150𝜇𝑚 

(black dashed-line). 

For filtering with higher finesse, the CROW 

with different radii of rings is investigated in 

Fig. 6. The intensity of transmission channel 

versus wavelength is shown in this figure. By 

varying the place of the largest ring, three 

different cases are compared. Due to the 

symmetry of the structure, the replacement of 

the first and third ring does not change the 

frequency spectrum. The interesting result 

shown in Fig. 6 is that although by varying the 

ring radii, the resonant wavelengths of the 

structure are changed and the filtered spectrum 

undergoes irregular changes, the wavelength of 

1546.3 nm for all the selected radii is well 

filtered in this channel, so, it is the resonant 

wavelength of structure. In the dashed-line, the 

FWHM of this resonant wavelength is more 

than that of solid-line, and dotted-line, so, it is 

not a good candidate for filtering the mentioned 

wavelength with higher quality factor. 

The best candidate of CROW with the same 

ring radii and different ring radii, according to 

the results of Figs. 5 and 6, are compared in Fig. 

7. The larger FSR between completely filtered 

wavelengths (FSR=2.2 nm) is observed by 
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choosing different ring radii and the finesse is 

11 times larger than the case of the same ring 

radii 
1 2 3 80R R R m= = = . Therefore, the 

solid-line of Fig. 7 is the best design of CROW 

among the mentioned radii for filtering the 

resonant wavelength 1546.3 nm with higher 

finesse. The reported values are according to 

the best results of the lots of checked radii. 

 
Fig. 6. Transmitted intensity of CROW with the 

largest ring at the, beginning of structure (blue solid-

line, 1 150R m= , 2 50R m= , and 3 20R m= ), 

middle of structure (red dashed-line, 
1 20R m= , 

2 150R m= , and 3 50R m= ) and end of structure 

(black dotted-line, 1 50R m= , 2 20R m= , and 

3 150R m= ) 

 
Fig. 7. Comparison the transmission spectrum of 

CROW with the different ring radii 1 50R m= , 

2 20R m= , and 3 150R m=  (solid-line) and the 

same ring radii 1 2 3 50R R R m= = =  (dashed -line). 

The coupling regions in the structure just 

change the amplitude of passed or filtered 

wavelengths and do not change their place in 

the spectrum. Hence, after choosing the 

appropriate radii of 1 50R m= , 2 20R m= , 

and 3 150R m=  to filter the resonant 

wavelength 1546.3 nm, we investigate the 

effect of different coupling coefficients on the 

filter improvement of this signal. In 3D plots of 

Fig. 8, field intensity variation of transmission 

channel versus variation of coupling 

coefficients between rings is shown for 

different values of coupling coefficient between 

ring and waveguide. 

 
Fig. 8. Variation of field intensity of transmission 

channel versus coupling coefficient between rings, 

where the coupling between ring and waveguides are 
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a) ( )0 3 0.7 = = , b) 
0 30.7, 0.2 = = , c) 

0 30.2, 0.7 = = , and d) 
0 30.2, 0.2 = = . 

In Fig. 8a, where the coupling coefficients 

between ring and waveguides are 

( )0 3 0.7 = = , the middle curvature of the 

graph shows that for each pair of the same 

coupling between rings, the desired wavelength 

1546.3 nm is well filtered. However, for some 

other ring and waveguide coupling coefficients, 

the desired wavelength is never filtered in the 

transmission channel, as shown in Figs. 8b and 

7d and the structure should not be designed as a 

filter according to these coupling parameters. 

While the coupling of first ring to the 

waveguide is large ( )0 0.7 = , the resonant 

wavelength of structure is well coupled to the 

rings. However, if the coupling of last ring to 

the waveguide is small ( )3 0.2 = , it cannot 

exit from the dropping channel and return to the 

transmission channel. Thus, it never filters in 

the transmission channel as shown in Fig. 8b. In 

Fig. 7c the coupling of waveguide to the first 

ring is small ( )0 0.2 =  and the coupling of 

waveguide to the last ring is large ( )3 0.7 = , 

therefore, the resonant wavelength 1546.3 nm is 

weakly coupled to the rings and it doesn’t filter 

in transmission channel well. Figure 8d shows 

that for small coupling of first and last ring to 

the waveguide ( )0 3 0.2 = = , the resonant 

wavelength cannot enter to the structure at all to 

pass through the transmission channel. 

Although we have theoretically investigated the 

structure by Mathematica software as before 

[53], [54], our results are well consistent with 

experimental results were explored in [12], 

[44], [48] for very similar structures to the 

designed CROW in this study. Also, in [55] the 

similar CROW was simulated in CST 

microwave studio and its results do not 

contradict our data. 

IV. CONCLUSION 

The combination of ring-resonators called 

CROW is considered as an optical filter to 

improve its performance. For this purpose, the 

effects of variations of the ring radii and the 

coupling coefficients on the performance 

characteristics of filtering such as quality factor 

and finesse are investigated. The transfer matrix 

method is used to study the behavior of fields in 

the structure. It is shown that the presence of 

three coupled rings in the structure comparing 

with a single ring, increases the filtered 

wavelengths over the specified range of 1545-

1548 nm with higher quality factor. Since the 

resonant wavelengths of structure are 

influenced by the radius of rings, the 

transmission channel spectrum for different 

ring radii is studied. The ring radii which lead 

to filtering the resonant wavelength with largest 

finesse value are found. After that, the effect of 

coupling coefficients on the improvement of 

filtering the resonant wavelength is discussed. 

The field intensity variation of transmission 

channel versus coupling coefficients shows that 

filtering of the resonant wavelength never 

occurs for some coupling coefficients. 

However, for some others, the reverse is true 

and these coupling parameters would be good 

candidate for improving system filtering 

performance. These theoretical results are 

helpful for experimental design of CROW to 

filter or pass a specified THz signal with high 

finesse. 
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