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Abstract- We proposed and analyzed 
implementation of the single-qutrit quantum 
gates based on stimulated Raman adiabatic 
passage (STIRAP) between magnetic sublevels 
in atoms coupled by pulsed laser fields. This 
technique requires only the control of the 
relative phase of the driving fields but do not 
involve any dynamical or geometrical phases, 
which make it independent of the other 
interaction details: detuning and pulse shapes, 
areas and durations. The suggested techniques 
are immune to spontaneous emission since the 
qubit and qutrit manipulation proceeds through 
non-absorbing dark states. In this paper, taking 
proper timing of the Rabi frequencies allows us 
to transfer the population of the system to a 
desired superposition of the ground states with 
the highest fidelity. We also obtained and 
implemented single-qutrit unitary gates, for 
transferring of the population of the system 
with different initial and final states. 
 
KEYWORDS: STIRAP, Quantum gate, 
Adiabatic passage, Tripod, Geometric phases. 

I. INTRODUCTION 
Quantum information processing requires the 
construction of specific quantum gates in a 
controllable way [1]. The growing interest in 
quantum computation stimulates the search for 
schemes to prepare and manipulate quantum 
states [2]. The physical implementation of the 
quantum computer is based on qubits quantum 
systems, which like the classical logical bits, 
have two states: 0  and 1  written in Dirac 
notation and known as computational basis 
states. Qutrits represent a very promising 
alternative to qubits for quantum information 
processing, because of their greater capability 
to encode and store more information [3, 4]. 
This reduces significantly the number of 
particles that need to be stored and 

manipulated for quantum computing. The most 
natural physical candidate for representing a 
qutrit is the degenerate substates of an atomic 
energy level. It is therefore important to 
describe and analyze the dynamics of a 
quantum system which has an three degenerate 
ground level consisting of the 3,2,1 , forming 
the qutrit, coupled to one excited state, 4 [5]. 

 A quantum gate is a unitary operator acting on 
the states of a certain set of qubits. If the 
number of such qubits is to be n , the quantum 
gate is represented by a nn 22 ×  matrix in the 
unitary group )2( nU [6]. Therefore the quantum 
single-qutrit gate is represented by a 33×  
matrix in the unitary group )3(U . 

The technique of stimulated Raman adiabatic 
passage (STIRAP) uses the coherence of two 
pulsed laser fields to achieve a complete 
population transfer from an initially populated 
ground state to a target ground state via an 
intermediate excited state [7]. In this 
configuration one assumes that the ground 
states are metastable, i.e., with negligible 
spontaneous emission in the considered time 
scale. The exited state has a relatively short 
lifetime of spontaneous emission. Instead of 
applying the pulses in the intuitive sequence, 
where the pump pulse (linking the initial 
populated ground state and the excited state) 
precedes the Stokes pulse (linking the excited 
state and the initially unpopulated ground 
state), the Stokes pulse precedes the pump 
pulse (as the so called counterintuitive pulse 
ordering). If the condition of two-photon 
resonance is satisfied, if there is sufficient 
overlap of the two pulse, and if the pulses are 
sufficiently strong such that the time evolution 
is adiabatic, then the complete population 
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transfer occurs between the ground states, 
without populating the intermediate excited 
state. 

The tripod STIRAP technique, first proposed 
by Unanyan et al. [8,9], is an extension of 
STIRAP in which a third laser pulse (the 
control) couples the excited state to a fourth 
ground state. For a proper sequence of pump, 
Stokes, and control pulses, tripod STIRAP 
allows to create not only a coherent 
superposition of ground states, but also to 
construct coherently single-qutrit gates in the 
subspace of three ground states. In this paper, 
we use STIRAP technique for implementation 
of single–qutrit quantum gates. We propose a 
robust scheme that allows one to design 
quantum gates based on non-Abelian 
geometric phases without fragile dynamical 
phase. Finally we present the numeric 
corresponding to our schemes. 

II. CONSTRUCTION OF THE 
EFFECTIVE HAMILTONIAN  

The linkage pattern of the tripod system is 
shown in Fig 1. The Hamiltonian of this 
system in the rotating-wave approximation can 
be written as (with )1= : 
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where, the energy of the ground states 3,2,1  
is taken as zero, 1 2 3i i( t ) ( t ) ,i , ,Ω με=− =  are the 
Rabi frequencies of the laser pulses, and i,ω θ  
are the carrier frequency and the initial phases 
of the laser pulses, respectively. 

 
Fig. 1 Linkage pattern of the system. 

In the resonant case, ωω =4 , the effective 
Hamiltonian of the system is obtained by 
applying the unitary transformation on H, 
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where the unitary transformation matrix )(tR  is 
defined as: 
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The corresponding dynamics of )(tH eff is given 
by )()()( ttHt

t
i eff Φ=Φ
∂
∂ . The relation between 

the state vector )(tΨ  corresponding to ),(tH   
and the state vector )(tΦ corresponding to 

)(tH eff  can be established as: 

)()()( ttRt Φ=Ψ  (4) 

III. CONSTRUCTION OF THE 
ADIABATIC HAMILTONIAN  

The next step of the analysis is to find the 
degenerate dark states (with null eigenvalues 

021 == EE  and zero components along the 
excited state 4  of the effective Hamiltonian). 
In general, the N-pod systems have ( 1−N ) 
dark states and 2 bright states. The dark states 
are: 
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and the bright states corresponding to non-zero 
eigenvalues 2,2 3433 χχ −=+= EE  are: 

4
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1Ω
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where, ∑
=

Ω=
n

i
in

1

22χ . To simplify, we can define 

new parameters, as: 

2,1tan 1 =
Ω

= + i
i

i
i χ

ϑ  (7) 

The angle 1ϑ  is the mixing angle used in 
standard STIRAP related to the pump , 1Ω , and 
the Stokes , 2Ω , pulses and 2ϑ is additional 
mixing angle related to the control pulse, 3Ω . 
The unitary transformation between the atomic 
bare states { }4,3,2,1  and the adiabatic states 

{ }4321 ,,, φφφφ , which diagonalizes the effective 
Hamiltonian, is: 
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The other form of transformation Eq. (8), in 
terms of Rabi frequencies, can be written as: 
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Hence, the Hamiltonian in the basis of 
adiabatic states can be written as: 
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The dynamics corresponding to )(tH ′  is given 
by )()()( ttHt

t
i Φ′′=Φ′
∂
∂ . The relation between 

)(tΦ , the state vector corresponding to )(tH eff , 
and )(tΦ′ is established by the unitary 
transformation )(tT  as: 

)()()( ttTt Φ′=Φ  (11) 

In the adiabatic limit, which we have assumed 
to be applicable, the time derivative of the 
mixing angles 1ϑ , and 2ϑ is small compared to 
the splitting of the eigenvalues given by 23χ  
(see Fig. 2). Under this condition, there is 
negligible non-adiabatic coupling of the 
adiabatic states, )(1 tΦ  or )(2 tΦ , with the states 
of )(3 tΦ  and )(4 tΦ . 

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

5

10

15

20

25

30

H
33

= χ
3/2

 (1
/T

)

 
(a) 

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

1.2

Time (units of T

H
13

, H
23

 (1
/T

)

 
(b) 

 
Fig. 2 Comparison of the H ′  elements. There is a 
negligible nonadiabatic coupling of the adiabatic 

states, )(1 tΦ  or )(2 tΦ , to the )(3 tΦ and )(4 tΦ  
states. 

Therefore, in the adiabatic limit we must take 
into account only transitions between 
degenerate adiabatic dark states. This leads to: 
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IV. TIME EVOLUTION OPERATOR IN 
THE ADIABATIC LIMIT  

In the adiabatic limit, the time evolution 
operator corresponding to )(tH ad can be written 
as: 

∫
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Since adH has a block-diagonal structure, 
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where, dU ,
gU  are the dynamical and the 

geometrical blocks, respectively, and the 
dynamical and the geometrical phases, )(tγ and 

)(tδ  are respectively defined as: 

dssst
t

ti
∫= )(sin)()( 21 ϑϑγ  (15a) 

∫=
t

ti

sdst )(
2
1)( 3χδ  (15b) 

and ),( i
ad ttU can be written as: 
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Considering, Eqs. (4), (10), (11), (13), we can 
write the state vector corresponding to )(tH as: 

)()()(),()()()( iiii
ad ttRtTttUtTtRt Ψ=Ψ ++  (17) 

This means that the time evolution operator 
corresponding to )(tH in adiabatic limit is: 

)()(),()()(),( iii
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i tRtTttUtTtRttU ++=  (18) 

V. COHERENT POPULATION 
TRANSFER TO A SUPERPOSITION OF 

GROUND STATES 
In this section, we divided our studies into 
three cases, with same initial state and 
different final states, at the end of the 
interaction. 

A. Case 1 
In this case, the goal is to transform the initial 
state of the system: 

T
it )0;0;0;1(1)( ==Ψ  (19.a) 

at the end of interaction, into a ground state. 

T
ft )0;1;0;0(3)( ==Ψ  (19.b) 

Using Rabi frequencies of the fields as: 
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Fig. 3 (a) Rabi frequencies of the laser fields with 
the Gaussian pulse parameters of ,/400 T=Ω  

T2=τ , (b) time evolution of the populations, and 
(c) dynamics of the fidelity of desired state (in case 
1). 

We have tried to transfer the initial population 
of the system, finally, to the desired state. By 
substituting, Eqs. (20) into Eq. (9), we will 
have: 
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And substituting Eqs. (3), (16) and (21) into 
Eq. (18) gives: 
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Assuming, 

πθθθ === 321 ,0  (23) 

Substituting Eq. (22) into Eq. (21) and 
applying the initial state of the system, )( itΨ , 
in Eq. (17) gives: 

( )Tiiff tttUt 0sincos0)(),()( γγ=Ψ=Ψ  (24) 

As it can be seen from Fig. 4, with 2πγ = and, 
1cos −=δ , the final state of the system at the 

end of the interaction transfer to: 
( )Tft 01003)( ==Ψ  (25) 
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Fig. 4 Geometrical phase (upper curve) and real 
part of )exp( δi− (lower curve) for case 1, (Eq. (15).) 

For a numerical analysis of the coherent 
population transfer to the desired state, we 
have assumed the Gaussian time-dependence 
of the Rabi frequencies, which are satisfied 
conditions of Eqs. (20) and (23), as: 

( )[ ]2/
01 )( Ttet τ−−Ω=Ω  (26.a) 

( )[ ]2/
02 )( Ttet τ+−Ω−=Ω  (26.b) 

( )[ ]2/
01 )( Ttet τ−−Ω−=Ω  (26.c) 

where, T,2,0 τΩ  are the peak Rabi frequency, 
the time delay between the pump and Stokes 
pulses and the pulse duration, respectively. 
The results are shown in Fig. 3. In Fig. 3.a, it 
is shown that the conditions of Eqs. (19) and 
(23) are satisfied with the Gussian pulse 
parameters of T/40030201 =Ω=Ω=Ω and T2=τ . 

The time evaluation of the system populations 
is shown in Fig. 3.b, which represents a 
coherent superposition of ground states with 
final equal populations. The technique of 
adiabatic passage is also expected to be robust 
against the effects of the spontaneous 
emission, so, the excited atomic state 4  is not 
populated in the adiabatic limit, in the all three 
cases studied here (this effect is denoted in 

Figures. 3.b, 5.b, and 7.b as 04 =fP . The 
fidelity of the populations in different levels as 
a function of the time is shown in Fig. 3.c. It 
can be seen from Fig. 3.c that at `ftt →  fidelity 
of desired state at Eq. (24) is equal to one 
(%100). 

-5 -4 -3 -2 -1 0 1 2 3 4 5
-40

-20

0

20

40

R
ab

i F
re

qu
en

ci
es

 
 (

un
its

 o
f 1

/T
) 

 

Ω
1

Ω
2
, Ω

3

(a)

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

0.5

1

P
op

ul
at

io
ns

(b)

Pi |1〉= 1

Pi |2〉=Pi |3〉=Pi |4〉=0 Pf |1〉=Pf |4〉=0

Pf |2〉=Pf |3〉=0.50

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

0.5

1

Time (units of T)

fid
el

ity

(c)

 
Fig. 5 (a) Rabi frequencies of the laser fields with 
the Gaussian pulse parameters of ,/400 T=Ω  

T2=τ . (b) Time evolution of the populations, 
which represents a coherent superposition of the 
ground states with final equal populations. (c) 
Dynamics of the fidelity of desired state (in case 2.) 
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B. Case 2 
Another interesting case, that can be studied, is 
to transform the initial state of the system, 

( )Tit 00011)( ==Ψ , (27.a) 

At the end of interaction, into a coherent 
superposition of other two ground states as: 
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1)( +=Ψ ft  (27.b) 

Using Rabi frequencies of the fields as: 

( )1
2 3 1

2

0
it t

lim ,
→

Ω
→ Ω = Ω > Ω

Ω
 (28.a) 

2
1 3 2

1

0
ft t

lim , ( )
→

Ω
→ Ω > Ω = Ω

Ω
 (28.b) 

Substituting, Eqs. (28) into Eq. (9) gives: 
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1 10 0
2 2

iT ( t ) ,

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟−
⎜ ⎟
⎜ ⎟
⎜ ⎟−⎜ ⎟
⎝ ⎠

 (29.a) 

1 10 0
2 2

1 0 0 0
0 1 0 0

1 10 0
2 2

fT ( t )

⎛ ⎞
⎜ ⎟
⎜ ⎟
−⎜ ⎟

= ⎜ ⎟−⎜ ⎟
⎜ ⎟

−⎜ ⎟
⎝ ⎠

 (29.b) 
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/T
)
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0
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Time (units of T)

e-iδ
  

 
 

Fig. 6 Geometrical phase (upper curve) and real 
part of )exp( δi−  (lower curve) for case 2, (Eq. 
(15)). 

Then, substituting Eqs. (3), (16) and (29) into 
Eq. (18) gives: 

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−

−−

−

−

=

−+−+

−+−+

−+−+

δδδ

γγγ

γγγ

δδδ

θθθθ

θθθθ

θθθθ

cossin
2

sin
2

0

0coscos
2

1sin

0sinsin
2

1cos

sincos
2

1cos
2

10

),(

)()(

)()(

)()(

3231

2321

1312

ii

ee

ee

iee

ttU

ii

ii

ii

if

 (30) 

Finally, by substituting Eq. (23) into Eq. (30), 
and the initial state of the system, Eq. (27a), 
into Eq. (17), the vector of state is become: 

( )Tiiff tttUt 0sincos0)(),()( γγ=Ψ=Ψ  (31) 

As it can be seen from Fig. 6, with 4πγ = and, 
1cos −=δ , the final state of the system, at the 

end of the interaction, is transferred to: 

( )Tft 0110
2

1)( =Ψ  (32) 

For a numerical analysis of the coherent 
population transferring of the system to the 
desired state, we have assumed the Gaussian 
time-dependence of the Rabi frequencies, 
which are satisfied condition of Eqs. (28) and 
(23), as: 

( )[ ]2/
01 )( Ttet τ−−Ω=Ω  (33.a) 

( )[ ]2/
032 )()( Ttett τ+−Ω−=Ω=Ω  (33.b) 

The results are shown in Fig. 5. It is shown in 
Fig. 5.a that the conditions of Eqs. (27) and 
(23) are satisfied with the Gussian pulse 
parameters of T/40030201 =Ω=Ω=Ω and T2=τ . 
The time evaluations of the system populations 
are shown in Fig. 5.b, which represents a 
coherent superposition of the ground states 
with final equal populations. The fidelity of 
the populations in different levels as functions 
of time is shown in Fig. 5.c. It can be seen 
from Fig. 5.c that at `ftt →  fidelity of desired 
state at Eq. (31) is equal to one (%100). 

C. Case 3 
The other interesting case that can be studied 
is to transform the initial state of the system: 

1)( =Ψ it , (34.a) 

at the end of interaction, into a coherent 
superposition of other two ground states as: 

( )321
3

1)( ++=Ψ ft  (34.b) 
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Fig. 7 (a) Rabi frequencies of the laser fields with 
the Gaussian pulse parameters of ,/12010 T=Ω  

,/15020 T=Ω  ,/12030 T=Ω  and T2=τ , (b) time 
evolution of the populations, which represents a 
coherent superposition of the ground states with 
final equal populations, and (c) dynamics of the 
fidelity of desired state (in case 3). 

Using Rabi frequencies of the fields as: 

( )1
3 2 1

2

0
it t

lim ,
→

Ω
→ Ω > Ω = Ω

Ω
 (35.a) 

2
1 2 3

1

0
ft t

lim , ( )
→

Ω
→ Ω = Ω > Ω

Ω
 (35.b) 

The unitary transformation, )(tT , at the initial 
and final times of the interaction, can be found 
by replacing Eqs. (35) into Eq. (9) as: 

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

−
=

212100
212100

002/121
002121

)( itT
 (36.a) 

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−
−

−
=

212100
0010
2121021
2121021

)( ftT
 (36.b) 
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) 
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Fig. 8 Geometrical phase for case 3 (Eq. (15a)). 

And, by substituting Eqs. (3), (16), and (36) 
into Eq. (18), the time evaluation operator can 
be found as: 

( )

( )

( ) ( )

⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−+−

+−−

+−−

=
−+−+

−+

−+

00

)sin(cos
2

1)sin(cos
2

1

)sin(cos
2
1)sin(cos

2
1

)sin(cos
2

1)sin(cos
2
1

),(
3221

21

12

θθθθ

θθ

θθ

γγγγ

γγγγ

γγγγ

ii

i

i

i

ee

e

e

ttU

 

             

⎟⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

−

−

−

−+

−+

δδ

δδ

δδ

θθ

θθ

cossin
00

sin
2

cos
2

1

sin
2

cos
2

1

)(

)(

23

13

i

ie

ie

i

i

 (37) 

Finally, by substituting Eq. (23) into Eq. (37), 
and the initial state of the system, Eq. (34a), 
into Eq. (17) the vector state of the system at 
the end of the evolution, can be written as: 

,

0

)sin(cos
2

1

)sin(cos
2
1

)sin(cos
2
1

0
0
0
1

),()(

⎟⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

−

−

=

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=Ψ

γγ

γγ

γγ

iff ttUt
 (38) 

As it can be seen from Fig. 8, with 
Rad17.0−=γ  and 1cos −=δ , the final state of the 

system at the end of the interaction is 
transferred to: 

( )Tft 0111
3

1)( =Ψ  (39) 

For a numerical analysis of the coherent 
population transfer to the desired state, we 
have assumed the Gaussian time-dependence 
of the Rabi frequencies which are satisfied the 
conditions of Eqs. (35) and (23), as: 

( )[ ]2/1.1
01 )( Ttet τ−−Ω=Ω  (40.a) 

( )[ ]2/97.0
02 27.1)( Ttet τ−−Ω=Ω  (40.b) 

( )[ ]2/97.0
03 8.0)( Ttet τ+−Ω=Ω  (40.c) 

The results are shown in Fig. 7. It is shown in 
Fig. 7.a that the conditions of Eqs. (34) and 
(23) are satisfied with the Gussian pulse 
parameters of T/40030201 =Ω=Ω=Ω and T2=τ . 

The time evolutions of the system populations 
are shown in Fig. 7.b, which represents a 
coherent superposition of ground states with 
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final equal populations. The fidelity of the 
populations, in different levels, as a function 
of time is shown in Fig. 7.c. It can be seen 
from Fig. 7.c that at `ftt →  fidelity of desired 
state at Eq. (38) is equal to one (%100). 

VI. IMPLEMENTATION OF THE 
SINGLE-QUTRIT QUANTUM GATE VIA 

TRIPOD ADIABATIC PASSAGE 
With 2πγ =  and 1cos −=δ , in Eq. (22) and 
under the conditions of Eqs. (20) and (23), the 
single-qutrit quantum gate is resulted, via 
tripod adiabatic passage, as: 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=×

001
100
010

33U

 (41) 

Similarly, to transform the initial state of the 
system T

it )0;0;0;1(1)( ==Ψ , at the end of 
interaction, into a ground state 

T
ft )0;0;1;0(2)( ==Ψ , the single-qutrit quantum 

gate can be obtained as: 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=×

100
001
010

33U  (42) 

With 4πγ = and 1cos −=δ  in Eqs. (30), and 
with the use of Eqs. (28) and (23), the other 
single-qutrit quantum gate is obtained via 
tripod adiabatic passage, as follows: 

3 3

0 1 1
1 1 11
2 2 2

1 11
2 2

U ×

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 (43) 

Also, to transform the initial state of the 
system T

it )0;0;1;0(2)( ==Ψ , at the end of 
interaction, into the superposition of the 
ground states ( )31

2
1)( +=Ψ ft , the single-

qutrit quantum gate can be obtained as: 

3 3

1 11
2 2

1 1 0 1
2 1 11

2 2

U ×

⎛ ⎞
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 (44) 

For obtaining another single-qutrit quantum 
gate, we were replaced 17.0−=γ  and 1cos −=δ  
in Eq. (37), and used the conditions given in 
Eqs. (23), and found: 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=×

022
312
312

6
1

33U  (45) 

As the upper ways, to transform the initial 
state of the system T

it )0;0;1;0(2)( ==Ψ , at the 
end of interaction, into the superposition of the 
ground states ( )321

2
1)( ++=Ψ ft , the single-

qutrit quantum gate can be found as: 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=×

022
321
321

6
1

33U  (46) 

VII. CONCLUSION 
We have studied stimulated Raman adiabatic 
passage in tripod configurations by deriving 
the corresponding propagator in adiabatic 
limit. We emphases the presence of non-
Abelian geometrical phase in propagator, 
which can be controlled by an appropriate time 
delay and peak amplitude ratios of the pulses. 
A proper time scaling of the Rabi frequencies 
allows us to transfer the population of the 
system to a desired superposition of ground 
states with the highest fidelity. In this paper, 
we also obtained and implemented the single-
qutrit unitary gates. The presented analytical 
solutions and numerical resulted can be 
generalized to N-pod systems which have a 
significant potential for creation multi-atom 
entanglement and implementation multi-bit 
unitary gates. 
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