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ABSTRACT— In this paper, we have simulated 

the excitation of wake fields in the interaction of 

an intensive laser pulses having Half-Sine and 

Gaussian time envelopes with a fully ionized 

cold plasma using particle in cell (PIC) method. 

We investigated the dependency of wake filed 

amplitude to different laser and plasma 

parameters such as laser wavelength, pulse 

duration and electron number density. In 

addition, the effect of employing a longitudinal 

magnetic field on the intensity of wake field is 

studied. It has been seen that the wake field 

intensity is enhanced in the presence of a 

magnetic field for both Half-Sine and Gaussian 

shape pulses. Our aim has been finding 

optimum values of different parameters for 

which higher accelerating wake electric fields 

can be obtained. 
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I. INTRODUCTION 

Laser plasma interactions have become an 

interesting subject since the time they started 

to have higher intensities about a few decades 

ago. It has different applications such as laser 

driven fusion, plasma based accelerators and 

X-ray lasers [1-3]. A lot of struggles have been 

made to attain high accelerating electric fields 

in an under dense plasma by employing laser 

pulses with ultrahigh intensities and short 

wavelengths. There is a great deal of 

applications of accelerated charged particles in 

physical sciences. Plasma based accelerators 

have several schemes in which the working 

principal is the same: laser wake field 

accelerator (LWFA) [4], plasma wake field 

accelerator (PWFA) [5], plasma beat wave 

accelerator (PBWA) [6-8], self-modulated 

laser wake field accelerator (SM-LWFA) [9-

11] and wake field accelerators driven by 

multiple electron or laser pulses [12,13]. The 

LWFA was introduced before other schemes. 

After introducing the LWFA idea [4], a 

noteworthy advancement has been made in 

both experimental [14-16] and theoretical 

physics [17]. However, there are a lot of 

efforts to be made to put all physical burdens 

away from reaching future high gradient 

accelerators. One of the most important 

subjects is to control the charge and energy of 

the electron beam and improve its quality. 

Many nonlinear effects are present in the 

process of electron acceleration via laser 

plasma interactions, such as fast electron and 

ion generation [18,19]. Magnetic fields have 

an incontrovertible effect on nonlinear plasma 

dynamics. A jet of fast electrons flowing along 

the laser propagation direction [20] or a 

nonlinear current of the plasma electrons [21] 

is usually used to generate magnetic fields. 

Generation of magnetic fields up to 70 T using 

the technology of pulsed magnets is also 

reported [22]. Intense magnetic fields have 

expressive effects on particle transport, 

propagation of laser pulses and laser beam 

self-focusing. Shukla et al. have studied the 

nonlinear propagation of an electromagnetic 

wave in strongly magnetized electron-

positron-ion plasma. They have observed that 

the generation of the wake fields depends on 

the presence of the ion species and the external 
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magnetic field [23]. Krasovitskii et al. have 

studied the interaction of powerful laser pulse 

with plasma and generated wake field in the 

presence of an external magnetic field [24]. 

They have found that for various angles 

between the direction of laser pulse 

propagation and magnetic field, the transferred 

energy to electron oscillations in the wake 

field is different. 

It is evident that applying an external magnetic 

field has complicated effects on laser plasma 

nonlinear processes. So, various features of 

this issue still need to be studied. Numerical 

simulation is an important and efficient tool in 

investigations. The code to model a plasma-

based accelerator should be able to simulate 

the acceleration of particles, the wake 

generation and the driver evolution. Among a 

variety of methods, particle based models can 

do this appropriately because the trajectories 

of particles should be followed in their self-

consistent fields. The most reliable particle 

based model is the fully explicit particle in cell 

(PIC) method [25]. It simulates the interaction 

dynamics of charged particles with 

electromagnetic fields self-consistently using a 

grid of one, two or three dimensions [26]. 

II. THE BASIC EQUATIONS AND 

ALGORITHM 

In this paper, three-dimensional particle in cell 

simulations are carried out to study the wake 

field produced by propagation of an intense 

linearly polarized laser pulse with a transverse 

Gaussian profile and two different temporal 

envelopes (Figs. 1(a-b)): Gaussian shape (GS) 

and Half-Sine shape(HSS). 

We have also studied the effect of the presence 

of a magnetic field along the laser propagation 

direction on the wake field excitation. The 

ambient plasma is homogeneous, cold and pre-

ionized (He++) with a linear density ramp of 

the form ( ) 2n x ax b= +  where 

( ) ( )1 20 ,n n n L n= =  and L is ramp length. The 

driving laser beam is in TM-mode (S-

polarized) with a wavelength of 0.8 = µm 

corresponding to a frequency of 

152 / 2.36 10L c  = =   Hz, where c is the 

light speed in vacuum. The plasma bulk 

density ( )0n is 24 35 10 m− which corresponds to 

the plasma wavelength of 15 µm via 

( ) ( )10 3

03.3 10P µm n cm −=  . 

 

 
Fig. 1. Profiles of laser pulse: (a) Gaussian shape 

and (b) Half-Sine shape. 

The ions are assumed to be stationary forming 

a uniform background of charges. The 

intensity of laser pulse employed in this 

simulation is 22

0 3 10I =  W/m2 which falls into 

relativistic regime. Laser pulse intensity is 

related to the dimensionless laser strength 

parameter a0 by 

( ) ( )22 2

0 0.85  10 /a µm I W m= . So, the above 

I0 and λ values yield 0 1.18a = . The electron 

motion is highly relativistic when 0 1a . This 

relativistic effect sets the stage for self-

focusing [27]. The general expression for the 

index of refraction in a plasma is given by 

( )

( )2

0

1
2

p

r

L

n r

n r




 
= − , where ( )r  is the 

relativistic factor, n(r) is radial density 

(Cylindrical) profile, P  is the plasma electron 

frequency prior to the passage of laser pulse: 
2 1/2

0(4 )eP n e m =  and ( )
1/2

21 a  ⊥= = + . 

Here, 2a = a a  where a is the normalized 

vector potential of the laser field: a=eA/mec
2 

where e is the fundamental charge and me is 

the electron mass. A laser intensity profile 

peaked on axis 
2

0
a

r





 leads to 0r

r





 which 
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implies that the phase velocity along the 

propagation axis is less than it is off-axis. This 

causes the laser pulse fronts to curve such that 

the beam focuses towards the axis. The 

mathematical expressions for laser pulses are 

( ) ( )2 2 2 2

0 0exp expa a r s t = − −  (GS) and 

( ) ( )2 2

0 0exp cos pa a r s k x ct = − −   (HSS). Other 

considered laser parameters are full width at 

half maximum (FWHM) of 9 µm (or laser 

pulse duration of 1530 10 s −=  ) and spot size 

of 0 15s = µm. In this simulation we consider a 

plasma box with the grid size of 

(Nx, Ny)=(750, 256) equal to 60 µm x-direction 

length and 204.8 µm y-direction length. Each 

cell contains 6 particles. The time step meets 

Courant-Levy stability criterion 

( )

1
2

2

1 1
 

i i

t
c x

−

 
  
  
  and the program runs for 

1500 time steps. 

The laser pulse is launched from left boundary 

and propagates along x-direction. Other 

boundaries are considered to be conductors. 

 
Fig. 2. Yee mesh 

We used the conventional PIC algorithm in 

our simulation which is briefly described in 

the following. First, the simulation domain is 

divided into spatial grids using Cartesian 

geometry. Then, the plasma particles are 

loaded onto the grids and their charges are 

assigned to the surrounding nodes (using first-

order weighting) from which currents are 

calculated. These source terms are employed 

to obtain the electric and magnetic fields via 

Maxwell equations (SI) [28]: 

t


 = −



B
E  (1) 

0 0 0
t

  


 = +


E
B J  (2) 

where the Finite-Difference Time-Domain 

(FDTD) method is used to solve Maxwell 

equations. Also, in order to make sure that 

continuity equation 0
t

 
+  = 

 
J  is 

observed, current density J is calculated using 

a charge-conservation scheme (CCS). Then, to 

discretize E and B fields, they are defined on 

the Yee-mesh (Fig. 2) [29]. 

For a uniform 3D Cartesian discretization of 

the fields (the grid spacings are Δx, Δy, Δz), 

the FDTD scheme can be therefore written 

explicitly as: 

( ) ( )

( ) ( )

( ) ( )

1 1 1 11 2 1 2

2 2 2 2

1 1

2 2

1 1

2 2

, , , ,

, , 1 , ,

, 1, , ,

t t

x x

t t

y y

t t

z z

B i j k B i j k

t

E i j k E i j k

z

E i j k E i j k

y

+ −+ + − + +
=



+ + − +



+ + − +
−



 (3) 

( ) ( )

( ) ( )

( ) ( )

( )

1 11

2 2

0 0

1 1 1 11 2 1 2

2 2 2 2

1 1 1 11 2 1 2

2 2 2 2

11 2

0 2

, , , ,

, , , ,

, , , ,

, ,

t t

x x

t t

z z

t t

y y

t

x

E i j k E i j k

t

B i j k B i j k

y

B i j k B i j k

z

J i j k

 



−

− −

− −

−

+ − +
=



+ + − + −



+ + − + −
−



+ +

 (4) 

where a grid point of the space is denoted as 

( , , ) ( , , )i j k i x j y k z    . The equations for Ey, 

Ez, By, and Bz can be similarly constructed. 

Thereafter, the updated E and B fields are used 

to push the particles into new positions and 

velocities by employing relativistic Lorentz 

equation of motion: 

d
q

dt 

 
= +  

 

P P
E B  (5) 

=P V  is the relativistic particle momentum 

where γ is the relativistic factor. Here, Boris 

scheme is used [30] which is comprised of 
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three steps: half acceleration, rotation and half 

acceleration. The difference form of Eq. (3) is: 

1 1 1 1
2 2 2 2

2

t t t t

t t

t
q

t 

+ − + − − +
 = + 
 
 

P P P P
E B  (6) 

( )
1

2 half acceler
2

ation
t t t

q
−− 

= −P P E  (7) 

( )

1

1

1

rotation

z z y y y x z z x y

x y z x x z z z y x

x z y y z x x x y y

S T S T S T S S T S

S T S S T S T S T S

S T S S T S S T S T

+ −

− − + −

− − − +

+ − − −

 
 

=  
 
 

P P
 (8) 

( )
1

2 half ac
2

celeration
t t t

q
+ + 

= +P P E  (9) 

where 

2

t

t

t




=T B , 

2

2

1 T
=

+

T
S  and 

2

1t P = + . 

These new momentums of particles are used to 

advance positions ( , , )x y zr : 

1 1/2

1/2

t t t

tt 

+ +

+

−
=



r r P
 (10) 

This cycle is repeated for as many time steps 

as required. 

III. EFFECT OF ELECTRON NUMBER 

DENSITY 

Electron number density plays an 

incontrovertible role in laser plasma 

interaction. It affects the properties of wake 

field significantly. In order to study the effect 

of this parameter, the amplitude of wake field, 

Ewf, is plotted in terms of n0 in Figs. 3(a-f) for 

both envelop shapes and three different laser 

wavelengths: λ=0.8 µm, 1.1 µm, and 1.4 µm, 

respectively. It can be seen from Fig. 3 that as 

n0 increases, Ewf grows steeply until its 

resonance value is reached. Thereafter, it drops 

gradually. However, the behavior of Ewf is 

different in the studied range of n0 for λ=1.4 

µm case and shows an upward trend. Also, 

longer laser wavelengths lead to higher Ewf 

amplitudes. This behavior is in complete 

agreement with Fig. 1(b) in Askari and 

Shahidani [31]. The maximum amplitude of 

wake field for different λ values are shown in 

Table 1. When the magnetic field is applied, 

the curves shift towards higher intensities. 

Both HSS and GS have the largest upshift in 

Ewf for λ=1.1 µm. 

IV. EFFECT OF LASER PULSE 

DURATION 

Another important parameter governing wake 

field excitation is the laser pulse duration. So, 

Ewf in terms of τ is shown in Figs. 4a-4f for 

λ=0.8 µm, 1.0 µm and 1.2 µm, respectively. It 

is observed that for these three wavelengths, 

Ewf peaks at cτ≈λp, cτ≈0.9λp and cτ≈0.8λp for 

HSS and at cτ≈0.8λp, cτ≈0.7λp and cτ≈0.6λp for 

GS, respectively. This trend exhibits that an 

increase in λ gives rise to a decrease in laser 

pulse length (cτ) at which Ewf is maximum. In 

other words, more energy is transferred from 

laser pulse to wake field when shorter laser 

pulse lengths are employed. The behavior of 

Ewf in this case is the same as Fig. 3b in Askari 

and Shahidani [31]. However, the effect of 

different λ values is not studied in Askari and 

Shahidani [31]. Moreover, pulse lengths at 

which Ewf peaks are shorter for GS compared 

to HSS. The maximum amplitude of wake 

field for different λ values are shown in Table 

2. In the presence of magnetic field, Ewf grows 

obviously and the curves shift up for both HSS 

and GS. 

V. EFFECT OF ENVELOPE SHAPE 

In order to study how different laser pulse 

shapes influence wake field excitation, we 

compared HSS and GS pulses. The simulation 

was done in the presence and absence of 

magnetic field, but the results are shown only 

in propagation direction. In Figs. 5(a-b), the 

amplitude of wake field in terms of 

propagation coordinate x is plotted for Bx=0 

and 60 T, respectively. It is seen clearly that 

GS pulse generates larger accelerating wake 

fields in comparison with HSS pulse. This case 

is not studied by Askari and Shahidani [31]. 

Applying magnetic field causes the magnitude 

of Ewf to rise for both envelope shapes, but GS 

undergoes more growth than HSS. 
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Fig. 3. Amplitude of wake field Ewf vs. n0 for three different wavelengths for HSS (a-c) and (f) GS (d-f). 

Table 1. Maximum amplitude of wake field in terms of n0 for three different wavelengths. 

Wavelength 

(µm) 

max

wfE  (HSS) 

(×1011 V/m) 

n0 

(×1024 m-3) 

 (GS) 

(×1011 V/m) 

n0 

(×1024 m-3) 

0.8 3.454 14 2.437 8 

1.1 8.455 18 6.067 9 

1.4 26.044 20 33.456 20 

 

 
Fig. 4. Amplitude of wake field Ewf vs. τ for three different wavelengths for HSS (a-c) and (f) GS (d-f) 

Table 2. Maximum amplitude of wake field in terms of τ for three different wavelengths 

Wavelength 

(µm) 

 (HSS) 

(×1011 V/m) 

τ 

(fs) 

 (GS) 

(×1011 V/m) 

τ 

(fs) 

0.8 2.377 51 2.300 39 

1.0 4.543 45 4.341 33 

1.2 7.553 33 7.504 30 
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Fig. 5. Amplitude of wake field Ewf in terms of 

coordinate x for HSS and GS pulses with (a) Bx=0 T 

and (b) Bx=60 T. 

 

 
Fig. 6. Maximum amplitude of wake field Ewf in 

terms of Bx for (a) HSS pulse and (b) GS pulse. 

VI. EFFECT OF MAGNETIC FIELD 

Magnetic field has been a great interest in the 

study of laser plasma interaction. In order to 

have a better insight into the effect of magnetic 

field, the maximum amplitude of wake field in 

terms of Bx is plotted for HSS and GS pulses 

in Figs. 6a and b, respectively. It is observed 

that for both pulses under the mentioned 

conditions, applying longitudinal magnetic 

field causes the amplitude of the wake field 

peaks at Bx≈6 T. However, as magnetic field 

rises steadily, HSS and GS pulses illustrate 

moderate different behaviors. In HSS case, 

maximum Ewf falls slightly until it reaches its 

lowest value at Bx=20 T, while in GS case 

there is a steep fall in maximum Ewf to its 

lowest point, at Bx=30 T. Thereafter, HSS 

curve increases modestly while GS one has a 

dramatic growth until they both obtain their 

highest value at Bx=60 T. The trend of Fig. 6 

for Bx=0-20 T is the same as Figs. 5a and b in 

Askari and Shahidani [31]. Nevertheless, they 

did not study bigger values of magnetic field. 

VII. CONCLUSION 

In this paper, we have conducted PIC 

simulations in order to investigate the effects 

of laser and plasma parameters on the wake 

field excitation for two different pulse shapes. 

For both shapes, the amplitude of wake field 

Ewf grows when n0 increases. In addition, 

longer laser wavelengths result in higher 

intensities while the pulse durations at which 

Ewf peaks, fall to lower values. Comparing 

pulse shapes, GS excites wake field more 

effectively than HSS. Our study also shows the 

effect of applying a longitudinal magnetic field 

on wake field excitation. It is shown that 

applying appropriate magnetic field intensity 

enhances excitation process in all investigated 

cases. In other words, the magnetic strength 

needs to be selected correctly. Our results are 

compatible with the results presented by 

Askari and Shahidani. 
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