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ABSTRACT— In this paper, we have investigated 

the dependence of the spectral entanglement 

and indistinguishability of photon pairs 

produced by the spontaneous parametric down-

conversion (SPDC) procedure on the bandwidth 

of spectral filters used in the detection setup. 

The SPDC is a three-wave mixing process which 

occurs in a nonlinear crystal and generates 

entangled photon pairs and utilizes as one of the 

most useful resources in a variety of fields such 

as quantum computation, quantum 

cryptography, and quantum communication. 

The amount of the spectral entanglement and 

the indistinguishability of photon pairs are the 

two critical characteristics of the photon pairs 

determining their potential applications. The 

degree of the spectral entanglement of a 

quantum system, i.e. photon pairs, is 

determined by the entanglement entropy which 

is a measure of the system disorder. First, we 

derive the eigenvalue equation of reduced 

density operator of the signal and the idler 

photons in terms of the bandwidth of spectral 

filters. Then, by numerically solving the 

eigenvalue equation, we calculate the Schmidt 

coefficients for different values of the 

bandwidth of spectral filters. Finally, by 

calculating the entropy operator one can obtain 

the dependence of spectral entanglement of the 

photon pairs on filter bandwidth. The amount 

of indistinguishability of the photon pairs is 

measured by the visibility of the HOM diagram. 

Since the whole spectral information of the 

photon pairs exists in their two-photon mode 

function, using this function and the presented 

model we calculate the amount of 

indistinguishability by obtaining the visibility of 

the HOM diagram for different values of the 

bandwidth of the spectral filters. In this way, 

the dependence of the indistinguishability of the 

photon pairs on this quantity is reported. 
 

KEYWORDS: Spontaneous Parametric Down-

Conversion, Entanglement, Entangled Photon 

Pairs, Single Photon sources, 

Indistinguishability, entropy, reduced density 

operator. 

I. INTRODUCTION 

Entanglement is one of the most interesting 

and fascinating concepts in the quantum optics 

field. Today, the possibility of producing the 

entangled quantum states has been 

experimentally provided. In practice, the 

entangled photons can be generated by 

different methods such as the cascade emission 

of atoms and the spontaneous parametric down 

conversion (SPDC), etc. [1]. In a nonlinear 

crystal, due to the second-order nonlinear 

interaction, a small fraction of the pump laser 

photons can decay into the photon pairs by the 

process of spontaneous parametric down 

conversion. These two photons are generated 

simultaneously and follow the laws of energy 

and momentum conservation. In 1970, the 

SPDC was introduced for the first time, as a 

method to generate entangled states of light 

[2]. From that time, a tremendous amount of 

experiments has been done in order to generate 

entangled photon pairs using the SPDC 

procedure [3]. Investigations of the correlated 

properties of entangled two-photon states have 

attracted much attention in quantum optics and 

information fields, such as quantum imaging, 

quantum cryptography and quantum 
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teleportation. The photons generated by the 

SPDC can be entangled in different degrees of 

freedom such as polarization, frequency, 

angular momentum, etc. The entanglement of 

two photons in a particular quantity means that 

the two-photon mode function cannot be 

decomposed into two individual functions in 

the space of that quantity.  

Since measurement and analysis of 

polarization entanglement of photon pairs is 

often much easier due to the availability of 

efficient polarization-control elements, 

Therefore, photon pairs entangled in 

polarization are most widely used in many 

applications of quantum optics. The SPDC 

process based on type II phase matching is a 

standard resource for generation of the 

polarization entangled photon pairs. Although 

type-I phase matched SPDC can be also used 

for this aim, but, the type-II SPDC process can 

provide a richer range of entanglement options 

than those of type-I SPDC and it creates a 

more flexible, and reliable quantum apparatus 

for many applications of quantum optics such 

as cryptographic applications. Other 

significant differences between the type-I and 

type-II SPDC are spectral and spatial emission 

properties of the photons. For example, type-II 

SPDC has significantly narrower spectral 

emission than that of type-I SPDC [4]. 

Furthermore, unlike type-I SPDC which has a 

ring-shape transverse emission pattern due to 

the degenerate nature of the polarization state 

of the photon pair, type-II SPDC emission 

pattern forms two rings, one belonging to the 

ordinary ray and the other to the extraordinary 

ray [4].  

For photon pairs generated by type II SPDC, 

the degree of the spectral entanglement and the 

indistinguishability are the two critical 

characteristics [5]. The spectral entanglement 

of photon pairs which corresponds to a 

correlation between frequency modes of signal 

and idler photons is considered as a destructive 

factor for polarization-entangled photon pairs 

generated by type II SPDC process so that 

researchers looks for a way to reduce this 

entanglement [6]. For example, in quantum 

communication the existence of spectral 

entanglement leads to a disturbance in data 

transformation and undesired distinguishing 

information [7]. For this reason, the 

researchers are always looking for an 

experimental solution for eliminating these 

unwanted entanglements [6]. The other 

important property of the photon pairs is their 

amount of indistinguishability. This property 

states that how similar two different photons 

of signal and idler are. The amount of 

indistinguishability is measured by the 

visibility of the Hong-Ou-Mandel (HOM) 

diagram [8]. One of the experimental methods 

for decreasing of spectral entanglement and 

increasing of indistinguishability of photon 

pairs is the use of spectral filters just before 

detectors in the detection setup. In this paper, 

the impact of the spectral filter bandwidth on 

the two above-mentioned properties of photon 

pairs is investigated. 

II. THEORY 

The SPDC procedure is a three-wave 

interaction which occurs in the birefringent 

crystal medium. The birefringent crystal is 

pumped by a laser with a suitable polarization 

based on the phase matching conditions. 

During the laser-crystal interaction, some of 

the pump photons are converted to the 

entangled signal and idler photons. The 

frequency of generated photons is less than 

that of the pump photons. In this procedure, 

the frequency and momentum of the signal and 

idler photon pairs are such that the energy and 

momentum conservation laws are satisfied. 

The momentum conservation relation is 

sometimes called the phase matching 

condition.  

There are two phase matching types for the 

SPDC process. In the first case, known as 

type-I phase matching, the polarization of the 

signal and idler photons are parallel and 

perpendicular to the polarization of the pump 

beam. In the latter case which is called the 

type-II phase matching, the signal and idler 

photons have perpendicular polarization, and 

the polarization of one of them is parallel to 

the polarization of the pump. Furthermore, the 

SPDC process is divided into collinear and 

non-collinear geometries [4]. In the collinear 

geometry, the propagation directions of pump, 
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signal and idler photons are parallel to each 

other while in the non-collinear geometry, the 

propagation directions of the signal and idler 

photons make an angle with pump direction 

(Fig. 1). In this paper, calculations for the 

type-II SPDC process with collinear geometry 

which are most widely used in many 

applications of quantum optics have been 

performed. Of course, similar calculations can 

be done for type-I SPDC process and for non-

collinear geometry. 

 
Fig. 1. (a) Collinear and (b) noncollinear geometries 

of SPDC procedure. 

The efficiency of the SPDC procedure depends 

on the input pump intensity, the type of the 

crystal, and the phase matching conditions. 

The energy conservation and the phase 

matching relations are, respectively, given by 

the following relations [9]  

p s i     (1) 

p s i k k k  (2) 

The spectral properties of photon pairs of the 

SPDC procedure are determined by the pure 

state    where the state vector   is 

given by [10]: 

0,0)(ˆ)(ˆ),( isisis aadd  

   (3) 

where Ωn=ωn-ωn0 with n=s,i where ωn is the 

frequency of the signal or idler photons and Ωn 

is the deviation from the central frequency ωn0. 

 ˆ
na   is the creation operator of single 

photons of signal or idler. The photons 

generated by the SPDC process are considered 

as wave packets with specified spectral width. 

All information about spectral distribution of 

the photon pairs is described by the 

normalized mode function ( , )s i   . We 

consider a BBO crystal with length L which is 

pumped by a pulsed laser having a Gaussian 

spectral distribution with width σp. The 

corresponding mode function of the photon 

pairs is given by [10]: 

2

2

2 2

2 2

( )
( , ) exp sin

4 2

exp exp exp
2 4 4

s i k
s i

p

k s i

s i

L
N c

L
i




 

    
      

   

      
       

     

 (4) 

where N is the normalization coefficient and 

the first exponential function signifies the 

pump laser spectral distribution as a Gaussian 

curve. The characteristics of the nonlinear 

crystals such as the thickness, cut angles and 

its Sellmeier equations have been included in 

the calculations by the phase mismatching 

relation of Δk=kp-ks-ki whose first order Taylor 

series approximation gives us Δk=(Np-

Ns)Ωs+(Np-Ni)Ωi  where Np, Ns and Ni are the 

inverse of group velocities of pump, signal and 

idler beams, respectively. Finally, the last two 

exponential functions in Eq. (4) determine the 

spectral distribution functions of the spectral 

filters used in the detection setup of the photon 

pairs which have been modeled by Gaussian 

functions with bandwidths σs and σi. 

In Fig. 2 we have schematically shown the 

generation and detection setup of the entangled 

photon pairs of the SPDC process with 

collinear and non-collinear geometries. 
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Fig. 2. The generation and detection setups of the 

entangled photon pairs of the SPDC process for 

geometries of collinear (a) and noncollinear (b). 

The reduced density operator of the signal 

(idler) photon is derived by taking a trace of 

the density operator over the degrees of 

freedom of the idler (signal) photon which is 

given by: 

 

     ssssss

is

aadd

Tr







 ˆ00ˆ,


 (5) 

where  

       isisiss d ,,,   (6) 

is the signal photons mode function. 

A. Spectral Entanglement of Photon Pairs 

The spectral entanglement between the signal 

and idler photons indicates a correlation 

between a single frequency mode of signal 

(idler) photon and several frequency modes of 

the idler (signal) [6]. For this purpose, one can 

use the joint spectral intensity (JSI) function 

which is defined by the square of product of 

phase matching terms multiplied by pump 

laser curve in Eq. (4) as follows [9]: 
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cJSI kk

p
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
 (7) 

This function is the probability of the signal 

photon having frequency ωs and the idler 

photon having frequency ωi. 

One of the criteria for measuring the amount 

of spectral entanglement between the two parts 

of a bipartite quantum system is determined by 

the amount of separability of its subsystems 

states [11]. In the following equations we have 

given two examples for the total state of 

photon pairs when its subsystems (signal and 

idler) are uncorrelated (Eq. (8)) and when they 

are correlated (Eq. (9)): 

s i     (8) 

is    (9) 

It has been proved that for bipartite systems 

with a pure state, the amount of state 

separability is obtained by calculating the 

Schmidt coefficients and the entanglement 

entropy of one of the subsystems reduced 

density operator as follows [11]: 

  ,...)2,1()(   msE
m ms   (10) 

The entanglement entropy E(ρ) determines the 

amount of inseparability of the total state ρ. 

The Schmidt coefficients λm which are the 

common real eigenvalues of the signal and 

idler reduced density operators can be obtained 

by solving the following integral eigenvalue 

equation numerically [6]: 

     smmsmsss Kd  ,  (11) 

The kernel function  ssK  , in Eq. (11) is 

the signal single photon mode function, i.e., 

Eq. (6) and the functions  sm   are the 

eigenfunctions of ρs. For numerically solving 

Eq. (11) and obtaining the Schmidt 

coefficients, we discretize the integral and use 

the Gaussian quadrature method [12]. In this 

way, Eq. (11) can be written as the following 

matrix form: 
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By calculating the numerical values of the 

kernel matrix elements in Eq. (12) and its 

eigenvalues, the Schmidt coefficients λm will 

be obtained. 

B. Spectral Indistinguishability of Photon 

Pairs 

The indistinguishability of two photons 

indicates the amount of the similarity of their 

states and also quantifies the overlap between 

their describing states. In the case of complete 

overlap of states, the amount of 

indistinguishability is considered as the 

maximum value while with no overlap the 

amount of indistinguishability is considered to 

be zero. The most famous experimental 

method for evaluation of indistinguishability 

of photon pairs is through the investigation of 

their interference in the HOM interferometer. 

As has been shown in Fig. 3 in the HOM 

interferometer when the two indistinguishable 

photons enter simultaneously form the two 

beam splitter inputs and they simultaneously 

exit from an output of the beam splitter.  

 
Fig. 3. The HOM interferometer 

The more amount of the indistinguishability of 

photons leads the less probability of their 

simultaneous observation in the beam splitter 

outputs which leads to the well-known HOM 

valley plot [13]. 

If the temporal resolution of the detector is 

longer than the coherence time of the photons, 

the probability of having a coincidence 

between the outputs of the beam splitter is 

given by the integral over the detection times 

of the second-order coherence function: 

  )(ˆ)(ˆ)(ˆ)(ˆ, 2

)(

21

)(

12

)(

21

)(

121

)2( tEtEtEtEttG   (13) 

which is given by [7]: 

),( 21

)2(

21 ttGdtdtRcc   (14) 

In Eq. (13), 1Ê  and 2Ê  are the field operators 

and 
1t  and 

2t  are the detection times in the 

detectors 1 and 2 [10]. Calculations show that 

the coincidence probability for the photon 

detection in the two detectors is as follows: 

)(1 tIRcc   (15) 

It is given in terms of the delay time 

12 ttt  , and: 

 
   

 









isisis

ti

siisis

dd

edd
tI

is

,),(

,,

*

)(*




 (16) 

As is seen from Eq. (16) the function I(Δt) is 

in terms of the product of  is  ,  

multiplied by  si  ,* . The larger amount 

of this product causes to the larger amount of 

I(Δt) (with the assumption of fixed Δt). This 

product is maximum when the two functions 

have the same form of dependence on the 

variables Ωs, Ωi. In other words, when the two 

functions are similar. The closer value of Ωs to 

Ωi leads to the more similar two functions 

 is  ,  and  si  ,*  to each other and 

therefore the lager amount of their product. 

That is why the value of I (Δt=0) is considered 

as the amount of spectral indistinguishability 

between the signal and idler photons [10]. 

Based on Eq. (15) the more indistinguishable 

the two photons results to the smaller 

coincidence probability (the minimum of 

HOM plot). Because of this reason, in most 

experiments the visibility of the HOM dip is 

considered as a criterion for the measurement 

of the photon pair’s indistinguishability. The 

visibility of the HOM dip plot is defined as 

[10]: 

))(min())(max(

))(min())(max(

tRtR

tRtR
V

cccc

cccc




  (17) 

III. RESULTS AND DISCUSSION 

In order to investigate the impact of spectral 

filters bandwidth used in the detection setup 
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on the spectral entanglement of photon pairs, 

we calculate the spectral entanglement for 

different values of spectral filters bandwidth. 

Our calculations are based on the following 

feasible experimental data. We consider a laser 

pump with wavelength of 800 nm and with the 

spectral bandwidth of 12 nm. It is also 

considered a type II phase matching BBO 

crystal with a length of 2.1 nm for a 

degenerate SPDC procedure in which 

λs=λi=2λp=1600nm. Our calculations have 

been performed for the type-II SPDC process 

with collinear geometry. 

Based on these data, we calculate the Schmidt 

coefficients for different values of spectral 

filter bandwidth in three different detection 

setup (both signal and idler beams filtering, 

signal beam filtering, idler beam filtering) and 

obtain the entanglement entropy. The 

dependence of the entanglement entropy on 

the spectral filters bandwidth can be obtained 

by Eq. (11) which has been shown in Fig. 4 for 

a type II SPDC procedure. As is observed 

from Fig. 4, the filtering process can cause the 

reduction of spectral entanglement. The 

narrower filter bandwidths lead to the smaller 

spectral entanglement of photon pairs. In Fig. 

5 the JSI function of photon pairs generated by 

the SPDC has been plotted for different 

filtering setups. As shown in Fig. 5, by 

considering each signal (idler) frequency mode 

and plotting a line parallel to the idler (signal) 

axis, the spectral range of the idler (signal) 

correlated with that frequency mode and the 

probability of the correlation between different 

modes are determined. In a filtering process, 

some of the photons with frequencies far away 

from the central frequency are blocked. In this 

way, each frequency mode of the signal (idler) 

photons are less correlated to the other idler 

(signal) frequency modes. 

 
Fig. 4. The entanglement entropy of the signal-idler 

photon pairs vs. filter bandwidth in the type II phase 

matching SPDC procedure in three different 

filtering setups. 

In fact, spectral filtering of the signal and idler 

photons leads to the increase of spectral 

information and decrease of spectral 

entanglement. 

 
Fig. 5. The JSI function of photon pairs generated 

by the degenerate SPDC for a pump laser with 

central frequency of 800nm and a spectral filter 

bandwidth of 12nm for different filtering setups: (a) 

without filtering, (b) signal filtering, (c) idler 

filtering (d) signal and idler filtering. 
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Fig. 6. The visibility of photon pairs generated by 

the SPDC process versus the bandwidth of spectral 

filters. 

In order to investigate the impact of spectral 

bandwidth of the filters used in the detection 

setup on the amount of spectral 

indistinguishability of photon pairs, we have 

plotted in Fig.  the visibility of the HOM dip 

versus the filters bandwidths. Here, we have 

considered a BBO crystal with length 10 mm 

in a type-II SPDC process which is pumped 

with a laser with properties expressed in the 

previous section. 

As is seen from Fig. 6, for spectral filters with 

small bandwidths, the visibility of the HOP dip 

plot gets larger and therefore the 

indistinguishability of photon pairs of the 

SPDC output is increased. In fact, the filtering 

process causes just those signal and idler 

photons whose frequencies are inside the 

bandwidth of the spectral filters to reach to the 

detectors and the others are blocked. It leads to 

the increase of spectral indistinguishability of 

photon pair’s. 

 
Fig. 7. The HOM dip plot for photon pairs 

generated by the SPDC for three different 

bandwidths of spectral filters. 

In Fig. 7 the coincidence rate of simultaneous 

detection of the photon pairs in the two outputs 

of the beam splitter has been plotted versus the 

optical path difference of the two photons. 

In Figs.7a-7c the HOM dip plots have been 

shown for three different bandwidth of spectral 

filters. As is seen from Fig. 7 the smaller 

bandwidth of spectral filters leads to the 

smaller value of the HOM dip which 

corresponds to the lager values of the HOM 

dip visibility and also the larger 

indistinguishability of photon pairs. 
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IV. CONCLUSION 

In this paper, we have investigated how the 

spectral entanglement and indistinguishability 

of the photon pairs generated by the type II 

SPDC process depend on the bandwidth of the 

spectral filters used in the detection setup. 

Our calculations show that the spectral 

entanglement of photon pairs decreases with 

the reduction of the spectral filters bandwidth. 

Based on our simulations, for those 

applications of entangled photon pairs where 

the spectral entanglement is considered as a 

destructive factor, one can decrease the 

spectral entanglement through a suitable 

filtering. On the other hand, it was observed 

that the indistinguishability of photon pairs is 

decreased by decreasing the bandwidth of the 

spectral filters. In this way, it can be concluded 

that in the interferometry based applications 

where the high value of photon pair’s 

indistinguishability is considered as a vital 

factor, it can be increased by using suitable 

spectral filters. 
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