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ABSTRACT— The emergence of second-

harmonic generation (SHG) is a pivotal issue to 

the development of nano-optical devices and 

interfaces. Here, we perform a classical analysis 

of the SHG dynamics with the aim of 

determining critical values of the electric field. 

The signals of the SHG process are nonlinear, 

so it seems reasonable that chaos theory can be 

a suitable tool to analyze their dynamics. For 

this purpose the bifurcation analysis and a new 

measure known as the scale index were 

employed. Obtained results show that the 

dynamics approaches from stable to self-pulsing 

and eventually to chaos through a period-

doubling route. Moreover, the scale index can 

detect the critical strength of the electric field, 

where above it the SHG dynamics is chaotic. 
 

KEYWORDS: Bifurcation, Nonlinear optics, 

Second-harmonic generation, Scale index. 

I. INTRODUCTION 

The past decades have witnessed increasing 

attention on nonlinear optical phenomena [1, 

2]. The first nonlinear optics experiment was 

performed in 1962 by Franken et al [3, 4]. 

Afterwards, the development of nonlinear 

optics has provided more robust tools on study 

of light matter interactions [5]. Today, the 

nonlinear optical phenomena are widely used 

for applied researches [6]. Meanwhile, 

frequency conversion processes play an 

important role in nonlinear optical phenomena 

such as second or higher order harmonics 

generations [7]. Owing to rich classical 

nonlinear dynamics of frequency doubling 

processes, the second harmonic generation 

(SHG) is analyzed in this study [8]. The SHG 

as a frequency doubling process stands for the 

interaction of two photons in a nonlinear 

material and so the generation of one photon 

[9, 10]. The main idea for applications of SHG 

was proposed in 1968 by Bloembergen et al 

[11]. Furthermore, due to being surface 

sensitive, SHG process provides an additional 

possibility to study optical properties of the 

nanotube surfaces [12-14]. 

Despite the mentioned features, having high 

efficiency is one of the major problems in the 

nonlinear optics [15-16]. We know that 

increasing the input field strength or the 

crystal length, would result in the promotion of 

SHG efficiency [17]. However, the stability of 

nonlinear optical systems is one of the most 

important issues in high intensity [18]. In this 

regard, chaos in optical systems has been 

reported by Savage and Walls for the first time 

[19-22]. Afterwards, McNeil et al. [23] have 

shown the self-pulsing and chaotic behavior in 

the SHG process inside a cavity, provided that 

the external electrical field to be in a 

sufficiently high strength. With this 

controversy, we study the instability of SHG 

process in the absence of a cavity. To this end, 

we apply the scale index for the first time in 

nonlinear optics domain. Since the chaotic 

behavior is a non-periodic one, for an accurate 

identification we need a measure to distinguish 

a periodic behavior from a non-periodic one. 

Hence, it seems that applying scale index as a 

non-periodic behavior identifier would help to 

report the transition point from stability to 
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instability. To verify the results, we also plot 

bifurcation diagram. The rest of the 

manuscript was organized as follows. Section I 

describes the SHG dynamical model. Section 

II contains the obtained results, by focusing on 

the dynamical response of the SHG, 

bifurcation analysis, and the non-periodicity 

feature of the SHG dynamics. Finally, Section 

III remarks the conclusions. 

II. MODEL 

In the following we will outline the interaction 

in a )2(  medium. The crystal converts two 

"photons" of a strong pump field of frequency 

  (called fundamental) into one "photon" of 

frequency 2  (doubly resonant SHG). In 

order to achieve universal results, it is 

important to work with scaled parameters. 

Besides simplifying the numerical 

calculations, avoiding unnecessary errors is 

provided by this procedure [8, 20]. Generally, 

the normalization is carried out through the 

loss rates of a particular cavity or the strength 

of the nonlinearity of the nonlinear crystal 

used [24]. In this regard, the normalized form 

of the Hamiltonian of SHG process describing 

coupling of electromagnetic fields at 

frequencies  and 2 in the rotating wave 

approximation is read as [25]: 

pumpHHH  int  (1) 

In this approximation, rapidly oscillating terms 

of the Hamiltonian are neglected. The 

interaction Hamiltonian (in 1  basis) is read 

as: 

 
22

int
2

k
H i a b a b    (2) 

And the pump effect can be expressed as:  

 *

pumpH i a a    (3) 

where, k stands for the effective (2) coupling 

strength between the two modes, with a(b) 

being the bosonic annihilation operator for 

excitations at frequency )2(  , and,  is the 

strength of the electric field [24, 25]. 

 
(a) 

 
(b) 

Fig. 1 Time evolution of the intensities 
2|| a  (top 

panel) and 2| |b  (bottom panel) vs. electric field  . 

(a) steady-state response ( 0  ), (b) pulsing 

behavior ( 610  ). 

Dynamical form of phase space trajectories of 

the Hamiltonian Eq. (3) is represented as: 












 

2

2

1
ka

dt

db

bka
dt

da


 (4) 

which is used here for classical analysis of the 

process. 

III. RESULTS AND DISCUSSION 

The electric field   can affect dynamics of the 

system. Our purpose is to find critical values 

which can cause the studied system to transit 

between stability and self-pulsing process. In 

this regard, we suppose the electrical field  
intensity as a control parameter. 
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In Fig. 1 we illustrate the time evolution of the 

intensities 2|| a  (top panel) and 2|| b  (bottom 

panel). Assuming 01.0k  [25] and 

[0.1 0.1,0]i  as initial condition [26, 27] the 

classical limit Eq. (4) exhibits a period 

doubling transition to instability. Slowly 

increasing the strength of electric field reveals 

this function. 

 
(a) 

 
(b) 

Fig. 2 Time evolution of the intensities 2| |a  (top 

panel) and 
2|| b  (bottom panel) vs. electric field . 

(a) period-four cycle ( 310  ), and (b) deep inside 

non-periodic regime ( 1  ). 

Although the SHG dynamics is steady-state for 

0   (Fig. 1(a)), a slight increase in the 

electric field will have a significant effect on 

the dynamics. This pattern is seen from Fig. 

1(b), where the pulsing regime is dominant. 

Further increasing of  leads to a period 

doubling bifurcation and to the unstabilization 

of the original stable periodic cycle to a new 

stable period doubled cycle (Fig. 2(a)). These 

consecutive period doublings leads to the 

arising of chaos and instability, as is clear 

from Fig. 2(b).  

The bifurcation diagrams providing a 

qualitative image of the system are shown in 

Figs. 3, where three different regions of  are 

presented. As is clear, small values of  does 

not cause a significant change in the dynamics 

and so small values of  corresponds with 

stable phases. Furthermore, increasing  leads 

to a period-doubling route to chaos in the 

classical analysis. Evidently, the system 

experiences successively period-doubling 

approach. From this view, the chaotic and 

unstable behaviors prevail for larger values of 

the  in consistent with the results of Figs. 1-2, 

presenting the temporal variation of intensity 
22 ||,|| ba  for different values of the electric 

field. As is seen from the bifurcation diagram, 

the amplitude of the intensity was altered with 

the variation of the control parameter. This 

means that the parameter sensitivity of the 

SHG compared with the amplitude of the 

electric field is very high [28, 29]. This 

parameter sensitivity of SHG dynamics 

confirms previous works proving the existence 

of chaos in this system [20, 21, 26]. On this 

matter, coherently driven second-harmonic 

generation within a detuned Fabry-Perot cavity 

is predicted to exhibit self-pulsing, period 

doubling and optical chaos [20]. A numerical 

analysis of second-harmonic generation in an 

optical cavity pumped by an external train of 

pulses in the presence of damping is 

performed by Grygiel, et al [21]. They have 

reported the existence of chaos and order in 

the SHG dynamics by using maximal 

Lyapunov exponents. For the process of 

intracavity second-harmonic generation in the 

region of unstable dynamics, the presence of 

bifurcation and quantum delocalized states 

were reported by Gevorkyan [30] by studying 

the joint fluctuations of numbers of photons 

and phases of the fundamental mode and 

second harmonic in positive P representation. 

For extracting more details on the periodicity 

characteristics we have studied the dynamics 

of scale index under the variation of electric 

field amplitude. Non-stationary signals make 
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wavelets more suitable for detecting such 

periodicity.  

 
(a) 

 
(b) 

 
(c) 

Fig. 3 Bifurcation diagram of the SHG process. (a) 
8 4[10 ,10 ]   , (b) 4 3[10 ,10 ]   , (c) 3 1[10 ,10 ]   .  

Moreover, wavelets have been successfully 

used in the analysis of many chaotic systems 

[31-33]. Non-periodicity as a hallmark of a 

chaotic behavior could be quantified through 

scale index analysis [33, 34]. Let the 

continuous wavelet transform (CWT) of a 

signal 
2f L  with respect to some analyzing 

wavelet function  be: 

*

,( , ) ( ) ( )sW f s f t t dt  



   (5) 

where 

,

1
( )s

t
t

sS



 

 
  

 
 (6) 

is the wavelet basis function, s>0 is the scale 

parameter and  is the location parameter of 

the wavelet. The wavelet transform is a time–

frequency analysis method which differs from 

the more traditional short time Fourier 

transform by allowing arbitrarily higher 

localization in both time and frequency 

domains. The CWT does this by having a 

continuously varying window width. The 

variation of window width is controlled 

through what is called a scale-parameter. A 

large selection of localized waveforms can be 

employed as a transform basis rather than 

sinusoidal as long as they satisfy predefined 

mathematical criteria [35]. 

The periodicity analysis of a signal can be 

conducted through the scalogram of a function 

at a given scale. Then, the scalogram ( )fS s  

providing the energy of signal f at scale s, is 

defined as: 

   
2

,fS s W f s d  



   (7) 

The scalogram is a useful tool for studying a 

signal, since it allows the detection of its most 

representative scales or frequencies. It is 

considered that the signal f spreads over a 

finite time interval ],[ fi ttI  . Therefore, to 

avoid boundary problems as a result of the 

overlapping of the support of ,s  at itt   or 
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ftt  , the inner scalogram of f at scale s, 

)(sS inner

f  comes into play: 

   
2

,
f

i

inner

fS s W f s d





     (8) 

where [ , ]i f I    is the maximal subinterval 

of I in a way that the support of s,  be 

included in I for all ],[ fi   . 

 

Fig. 4 The evolution of scale index under the variation 

of the electric field. 

 

To compare the values of the )(sS inner

f  at 

different scales of s, the inner scalogram is 

normalized as follows: 

( )
( )

inner
inner f

f i

S s
S s

 



 (9) 

In practice, the computed value of inner 

scalogram for a finite interval ],[ fi ss  comes 

into play. Considering Smax as a scale for 

which the inner scalogram is maximum and 

Smin as the local smallest scale, i.e., 

   sSsS innerinner min  for all scales S included 

in fsss max , the scale index iscale of the 

signal f is defined as: 

 

 
min

max

inner

scale inner

S s
i

S s
  (10) 

An outstanding feature of scale index is its 

finite value, i.e., 10  scalei : the larger the 

value of scalei , the more non-periodic signal is. 

Regarding this bounded characteristic of scale 

index, it is a sensible criterion of the non-

periodicity measure. A detailed discussion 

about the scale index can be found in [33]. 

Here the selection of the scale interval ],[ fi ss  

is very important in the scalogram analysis. 

Since the non-periodic character of a signal is 

given by its behavior at large scales, there is 

no need for is  to be very small. In general, we 

can choose is  such that  issmax  where  

is positive and close to zero. On the other 

hand, fs  should be large enough for detecting 

periodicities. Here, we considered the scales 

between 1is  and 512fs . 

The dynamics of scale index is shown in Fig. 

4. Obviously, this analysis confirms 

bifurcation diagram. For small values of the 

electric field corresponding with stable and 

periodic dynamics, the scale index approaches 

0. And, larger amplitudes lead to larger values 

of the scale index as expected. Since temporal 

evolution of intensities 2| |a  and 2| |b  in weak 

fields are stable and show self-pulsing 

behavior, the high value of the scale index for 

high intensities indicates the disturbance of the 

periodicity of SHG signals. The increased 

value of the scale index for 310  reflects a 

tendency towards more aperiodic and chaotic 

behavior of the SHG dynamics. This value is a 

critical one which separates stable and self-

pulsing region from chaotic region. 

IV. CONCLUSION 

This work provided a computational 

framework for examining the chaotic effects of 

electric field on the SHG dynamics described 

mathematically by the Hamiltonian in the 

rotating wave approximation. Focusing mainly 

on the dynamical response of the SHG, the 

global structure of the model was studied. It 

was shown that the scale index is able to 

discern self-pulsing from chaotic regime. 

Moreover, the most important outcome of the 

present study was to show the effectiveness of 
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the scale index in detecting critical value of the 

electric field. Furthermore, this study reveals 

the fact that the SHG process can be subjected 

to a chaotic response without any external 

feedback. The results of present study flashes 

new lights into the novel approaches that can 

be applied to the study of nonlinear optics. It is 

to be noted that the results of this study can be 

extended by considering the effects of the 

electric field in the inside of a cavity. 
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