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light intensity, and the beam diameter. Spatial
solitons is considered to be important because
of their possible applications for optical
switching, routing, optical storage and optical
interconnectors, etc [10], [11]. Nowadays,
many types of steady-state PR spatial soliton
such as screening solitons [6]-[8], [20],
photovoltaic (PV) solitons [2], [9] and
screening–photovoltaic (SPV) solitons [10],
[11] and also two-photon soliton have been
predicted and observed experimentally. At the
same time, coherent and incoherent soliton
pairs and soliton interaction have also been
investigated [11]-[13]. For two mutually
incoherent beams the total intensity can be
considered as the term of the two intensities.
In a particular case, where the PR crystal is
externally biased, bright and dark as well as
gray solitary wave have been predicted under
steady state conditions [14]-[16]. Investigation
of screening solitons, which occurs in steady
state when an external bias voltage, is
appropriately applied to a PR crystal [7], [13],
[17]. Such soliton states are possible provided
that the optical beam is linearly polarized. In
addition, vector solitons involving the two
polarization components of an optical beam
have also been predicted in biased PR
materials. Depending on the symmetry class of
the appropriate crystal and its orientation,
these solitary beams were found to obey a selfcoupled or a cross-coupled system of nonlinear
evolution equations. Self-coupled vector
solitons can be realized only in certain noncentro-symmetric crystals where the perturbed
diagonal permittivity terms must be equal.
Cross-coupled solitons require phase matching
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I. INTRODUCTION
Photorefractive (PR) spatial solitons and their
coherent and incoherent interaction have
attracted considerable attention for many years
[1]-[9]. It is now well established that PR
nonlinearities can support self-trapping of
optical beams in both transverse dimensions
and that these solitons can be observed even at
low power levels in order of microwatts and
lower [1]-[4]. Self-trapped optical beams are
generated when the process of diffraction is
exactly balanced by light-induced PR
waveguide. Both one dimensional (1D) and
two-dimensional (2D) spatial solitary waves
have a unique shape which is determined by
the strength of the external electric field, the
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both
beams
is
introduced
by
2
2
4
ne
where
is the
ne  ne  ne r33E s ,
unperturbed extraordinary index of refraction
and E s  E s xˆ is the space charge field in the
PR crystal.

between the two polarizations. All of the
investigations mentioned above are applied to
one-component
PR,
meanwhile
these
observations can be done for the twocomponent solitons which indicate two
incoherently coupled solitons propagated
without distorting in PR crystal. In the other
words, knowing the phase at a given point on
the self-trapped beam, one can predict the
phase at any point across the beam [18], [19].

The optical fields in terms of slowly varying
envelopes
which
are
introduced
as
1  xˆ  x , z e ikz and  2  xˆ  x , z e ikz satisfy
in the following evolution equations [13]:

Here, we find the beam profiles of
incoherently coupled soliton pairs in biased
photorefractive crystals under steady-state
conditions and investigate its stability under
propagation. Such solitons can propagate in
bright-bright, dark-dark, gray-gray as well as
in bright-dark types. Since the two sources are
mutually incoherent, no phase matching
arrangement is required. In follow, the
functional form of solitons and propagation
characteristics of these self-trapped pairs are
introduced. Finally, the effect of selfdeflection is investigated. Our simulation
refers to convert wave equation to integral
equation and seek soliton solution numerically.

i z 

k (n 3r E )
1
xx  0 e 33 s   0
2k
2

(1)

i z 

k (n 3r E )
1
 xx  0 e 33 s   0
2k
2

(2)

where  z   / z , etc. The propagation
constant is k  k 0 ne  (2 0 ) ne , and 0 is the
free-space wavelength. Moreover, under
strong biased and for relatively broad beam
configurations, the steady-state space charge
electric field generated by the total power
density of the two optical beams
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2



is

approximately

given by:

II. MODEL AND DISCUSSION
Consider a Struntium Barium Niubite (SBN)
crystal with optical c-axis oriented in the xdirection. Two mutually incoherent laser
beams are used to illuminate the lossless PR
crystal. It is not necessary that the two beams
share the same frequency. Similar results for
the incoherent interactions are also expected
when the two carrier beams with different
frequency are larger than the inverse response
time of the photorefractive medium. The two
beams may originate from the same laser
source with appropriate coherence length. The
polarization of both optical beams is assumed
to be parallel to the x axis.

E s (x , z )  E 0

Id  I
Id  I x , z 

(3)

where I d is the so-called dark irradiance and
I   I ( x   ) . E 0 is the space charge

electric field at x   . If the spatial extent of
the optical waves involved is much less than
the x-width of the PR crystal (W), then under a
constant voltage bias V, E 0 will be
approximately given by ±V/W. It is
convenient
to
make
the
following
dimensionless variables and coordinates as
  z /  kx 02  , s  x / x 0 ,   (20 I d / ne )1/ 2U

The two optical beams can also propagate
collinearly along the z-axis and are allowed to
diffract only along the x-direction. In one
dimensional case diffraction in y-direction has
been neglected. Furthermore, the external
biased electric field is applied in the xdirection (i.e., the c axis). In this case, the
perturbed refractive index along the x-axis for

and   (2 0 I d / ne )1/ 2U . Here, x 0 is an
arbitrary spatial width and the power densities
of the optical beams which have been scaled
with respect to the dark irradiance I d .
Therefore, the normalized planar envelopes
U and V are satisfied in:
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0

(4)

and the vertical axis represents ‘Normalized
Intensity’.

0

(5)

Dark-dark soliton pairs can also be achieved
by choosing a constant intensity background
I  and finite quantity  , with the envelopes

where   I  / I 2d and   (kx 02 )2 ne4 r33E 0 2 .
In the case of bright-bright soliton pairs, the
intensity is expected to vanish at infinity
 s    , and thus I     0 . Soliton

U and V as U   1/ 2 y (s ) cos  exp(i  ) and

V   1/2 y (s ) sin  exp(i  ) , where y  1 .
Therefore, from Eqs. (4) and (5) dark type pair
satisfies in:

solutions can be obtained by expressing the
envelopes U  r 1/2 y (s ) cos  exp(i  ) and

d 2y
y
 2  y  2  (1   )
0
2
d s
1  y 2

V  r 1/2 y (s )sin  exp(i  ) .
Where  represents a nonlinear shift to the
propagation constant and the parameter θ is an
arbitrary projection angle. The y  s  is a
normalized
real
function
applies
in
0  y  s   1 condition, indicates the soliton

or in integral form with     as:
2
 2
1     1   y 2
 dy 
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This allows bright solitons when β or E 0 are
positive quantities. By applying the boundary
condition
one
can
obtain
the
  (  / r ) ln(1  r ) , and correspond integral
equation for y  s  :





(9)

Another interesting class of these solitary
states namely gray-gray pair is that the wave
power density attains a constant value I  at
infinity, resulting in a finite  . Thus, this
family of waves is also expected to evolve
according to Eqs. (4) and (5). To obtain these
solutions, let us express U and V in the
following fashion:

2

 dy 
2
2

  (2  / r )  ln(1  ry )  y ln(1  r ) 
 ds 



Which can be numerically solved provided
that the biased voltage is negative i.e.,  or
E 0  0 . The pair components can then be
simply obtained by a  projection. By solving
  10
and
Eq.(9) numerically with
E 0  1kV cm for chosen SBN crystal, we
obtain the dark-dark soliton pair profiles that is
shown in Fig. 1(b).

pairs component and satisfies in the following
equation:

d 2y
2
y 0
 2 y 
2
d s
1  ry 2

(8)

(7)

Normally, E 0 and the normalized peak
intensity r determine the bright soliton profile.
Consider a SBN crystal with the parameters
ne  2.33 and
r33  237 pm V
at a
wavelength of 0  0.5  m , which induces the
material sensitivity. By choosing the arbitrary
spatial scale x 0  25 m and E 0  1kV cm ,
we find that   34.5 . The total peak intensity
of the pair r, is assumed to be 10 and   30 .
Fig. 1(a) depicts the normalized intensity
profiles of bright-bright soliton pair related to
these conditions. The horizontal axis shows ‘s’

s Jds   
 
U   1/2 y (s ) cos  exp i     2

y (s )  
 

(10)

s Jds   
 
V   1/2 y (s )sin  exp i     2

y (s ) 
 

(11)

where J is a real constant which must be
determined. For this manner, the normalized
amplitude y (s ) is an even function of s and
satisfies
the
boundary
condition
y  s     1 . All the derivatives of y are
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g  s  correspond to the bright and dark beam

also zero at infinity. Moreover, we will assume
that y 2  s  0   m (i.e., the intensity is finite
at the origin) and y (0)  0 . Substitution of
Eqs. (10) and (11) into Eqs. (4) and (5) the
following differential equation is obtained:

profiles, respectively. By using Eqs. (4) and
(5), the governed equation for f  s  and

d 2y
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g  s  are obtained:

(12)

Using the boundary conditions of y at infinity,
we find that:

J 2  2     

(13)

Further, integrating of Eq. (12) yields:
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and corresponding integral equation as:
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The set (  ,  ,m) has to be judiciously
selected so that  y  is positive for all values
2

of y 2 and that J  0 . Subsequently, the
normalized amplitude y (s ) can be readily
obtained by numerical integration of Eq. (15).
It can be shown that these solitary waves are
possible only when m  1 and   0 .
Therefore, this class of the dark family, unlike
their bright or dark counterparts, their phase is
no longer constant across ‘s’ but instead varies
in a rather involved fashion. Fig. 1(c) shows
the normalized intensity profile of a gray-gray
pairs for   5 , x 0  40 m , m  0.4 and
  34.5 . Note that the beam width also
increases with the degree of grayness m.

Fig. 1 Soliton components, U
V

Finally, bright-dark soliton pair is also studied.
To find the soliton solutions, we seek an
envelope functions as U  r 1/ 2 f (s ) exp(i  )
and V   1/ 2 g (s ) exp(i  ) , where f  s  and

2

2

(solid curve) and

(dash–curve) for:(a) bright-bright pair when

r  10 and   30 , (b) dark-dark pair when ρ=10
and   30 , (c) gray-gray pair when   5 and
  30 , m  0.4 ,(d) bright-dark pair when
  10 , r  10 and   0.01 .
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Using appropriate boundary conditions and
applying the constraint f 2  g 2  1 ,  and 
can be found as      /   ln 1    and

1/2
V  1/2 tan h    s  exp  i  



(19)

The above equations clearly show that these
solutions are possible only when the product
(  ) is a positive quantity.

    , where    r    1    .

In this case, the peak intensity of the bright
beam is slightly lower than that of the dark
background intensity.
Propagation and dynamical evolution of the
beam is a main topic of nonlinear interaction
between the beam and medium. In soliton state
solution, simulation of the behavior of the
beam under propagation show the stability
properties. In particular, their stability is
investigated here using numerical techniques
and as usual we attend to simulate propagation
of soliton pairs under perturbation.
Fig. 2(a) show bright-bright pair obtained at
r  10 and   30 and depicts the evolution
of the pair components when the high intensity
beam has been perturbed by 20% in its
amplitude. In general, we have found that
bright-bright, dark-dark and gray-gray pairs
are stable against small perturbations in
amplitude. Numerical simulation shows that
the pairs exhibit robustness and does not break
up, and instead have small oscillates around
the soliton solution which is increased by
increasing the perturbation.
Fig. 2 Stable propagation of (a) the bright-bright
soliton pair r  10 ,   30 when its larger
intensity component is perturbed by 20% at the
input and soliton oscillate and don’t become width.
(b) The dark-dark pair when   10 and   30 .
(c) The gray-gray pair when   5 and   30 ,
m  0.4 . (d) The bright-dark pair when   10 ,
r  10 and   0.01 .

In the case of the bright-dark pair, it is claimed
that they are stable only when β is negative.
Stable propagation of this pair is shown in
Fig. 2(d). In all cases each component
propagates through the other one without any
changes or interferences.

III. EFFECT OF SELF-DEFLECTION
In this part, we investigate self-deflection of
the optical beam in addition to self-focusing. It
achieves when the diffusion process are
considered in the wave equation. In the case of
soliton pairs, Eqs. (4) and (5) are transformed
to the following equations [10, 16]:

We solve Eqs. (16) and (17) numerically and
the results for the bright-dark soliton pair with
  10 ,   0.01 and E 0  1kV cm in
introduced SBN crystal is shown in Fig. 1(d).
Our solutions are in good agreement with
approximate solution given by [13]:
1/2
U  r 1/2 sec h    s  exp  i  1   / 2    (18)
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by considering different  , for r  10 and
  0.56 .



Figure 3 shows deviation of bright-bright
soliton pair from their original straight
trajectory after taking into account the
diffusion process.
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It is interesting that the diffusion effect
depending on the total intensity of the pair and
the two components of the pair have the same
deflection. The effect of parameter  on selfbending for different values of  is shown in
Fig. 4. As it can be seen in this figure by
increasing  , the self-bending decreases. We
also investigate the self-deflection of the other
types of pairs numerically and find the same
results.
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IV. CONCLUSION

4 0

In conclusion, we study the incoherently
coupled soliton pairs (bright-bright, dark-dark,
gray-gray as well as bright-dark types) in one
photon photorefractive crystals under steadystate conditions. These soliton states can be
established when carrier beams share the same
polarization, wavelength, and are mutually
incoherent. Stability properties against small
perturbation in amplitude are also discussed.
Numerical results show robustness, and
instead the peak power oscillates around the
soliton solution slowly. Then bright-bright
pairs can traverse a longer distance without
broadening in comparison to the other types.
These pairs propagate through each other
without any change in shape or exchange the
power. These investigations are useful in many
applications. For example soliton interaction,
that is one of the most fascinating aspects in
soliton physics, and the soliton pair, that is an
intriguing issue about the interaction between
two solitons. Also directional couplers are
another type of optical switches that can be
formed by two parallel photorefractive spatial
solitons. Finally, we investigated the selfdeflecting process for bright-bright case and
we found out that they deviate from their
original straight without breaking up. Thus, by
changing  and the input intensity, the output
point for soliton changes and the intensity can

Fig. 3 3-D representation of bright-bright soliton
pair propagation when r  10 and   0.56 in.
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Fig. 4 Bright-bright soliton pair propagation when
r=10 and   0.56 for (a) θ=10°, (b) θ=30°, (c)
θ=45° and (d) θ=60°.

In follow, we numerically simulate the
propagation of the bright-bright soliton pairs
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be changed a little in different  . This can be
useful for designing and producing optical
devices such as sensitive optical switches.

solitons,” J. Opt. Soc. Am. B, vol. 14, pp.
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[10] J. Liu and L. Keqing, “Screening-photovoltaic
solitons
in
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biased
photovoltaicphotorefractive crystals and their selfdeflection,” J. Opt. Soc. Am. B, vol. 16, pp.
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