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ABSTRACT— We solved one dimensional
Schrodinger equation in a H2+ molecular
environment
by using 3
femtosecond
homogeneous and nonhomogeneous laser fields.
In homogeneous case, we found out that larger
inter nuclear distances result in earlier
ionization and also more instability in the wave
packet. We deducted that the more the
instability is, the more modulated the power
spectrum will be. So, by choosing a fixed 1.96
atomic units inter nuclear distance, we
investigated high harmonic generation in both
linear and nonlinear nonhomogeneous laser
pulses. We observed that in comparison with
the linear case, in nonlinear one, the plateau
possessed higher intensity harmonics. On the
other hand, in this case, cutoff order occurred
on higher frequency. By superposing several
harmonics near cutoff region, we predicted the
generation of a 73 attosecond pulse.

the early 1990s [7].we have two methods for
explaining the HHG process. First the semiclassic or three step model [8], second the
quantum model [9]. In our calculation we use
the first one. In the three- step model first we
assume that an atom is exposed to a laser field.
As the intensity reaches the level of
1014 Watt/cm 2 , the field near the peak of each
oscillation will be comparable to the atomic
Coulomb field. The superposition of the laser
field and the Coulomb field transforms the
potential well that binds the electron into a
potential barrier [19]. By laser field
oscillations, the potential barrier tends right
and left according to laser field direction. The
electron ionizes by tunneling ionization then it
accelerates by the laser field and gains kinetic
energy. At the end of this journey, when the
laser field approaches its maximum point
again, electron changes direction and
recombines with the parent ion or with
neighboring ions [11],[12], and releases the
kinetic energy as a photon [10]. In this step we
will have the emissions of photons with a
maximum
cutoff
energy
equal
to
c = I p + 3.17U p , where I p is the ionization
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I.

INTRODUCTION

Attosecond science is a study to control the
dynamics of electrons in atoms, molecules and
solids. H2+ is the simplest known molecular
system. High harmonics generation (HHG) is
the most effective and developed method to
generate isolated attosecond pulses as has been
popularly investigated in recent years [1]-[6].
The idea that HHG could give rise to
attosecond (as) pulses was discussed already in

potential and U p is the ponderomotive energy
of the free electron [14]. The ponderomotive
e 2 E0 2
energy is set to U p =
in which m and e
4m 2
stand for mass and charge of electron and E0
and ω stand for amplitude and frequency of
the laser field [15]. c is the frequency of the
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emitted photon. By considering c  I  2
one can deduce that higher wavelength and
intensity lead to higher photon energy thus
using a long wavelength high intensity laser
field results in a high cutoff frequency. This
means that, we can have a longer plateau.
Much effort has been paid to enhance the
plateau of HHG spectrum in order to obtain
shorter attosecond pulses. Among them, as an
example, [13] examined the effects of
variation of carrier envelope phase (CEP) on
molecular harmonic plateau. Researchers in
[11] investigated enhancing the harmonic
generation by two-color excitation in
molecular system. Multi-color synthesized
fields were used in [16], [17]. In [25]-[29],
researchers used the amplification properties
of a nanostructure on laser intensity and its
effects on higher order harmonic generation.

II.

THEORETICAL STUDIES

A.
Calculations
In this work the one dimension (1-D) timedependent Schrödinger equation for hydrogen
molecular ion (H2+) in an intense linearly
polarized (along the molecular axis) laser field
have been solved by using the Platonenko
method [18]:

i

 ( z , t )
= H ( z, t )
t

(1)

As we know, the so called Schrödinger
equation Hamiltonian (H ) has an operator
term and a potential expression ( H 0 in
equation 2). The potential term consists of a
coulomb potential and as a result of laser
matter interactions an interaction potential is
added to the Hamiltonian as is shown in
equation 3. In which H is the Hamiltonian of
the target atom in the condition that it is
illuminated by an intense laser field.

Our work has similarities and differences from
other works that have been done recently or
even many years ago. For example Wang et al.
[32] have used a two color laser field in order
to display the power spectrum of H2+. They
have optimized the laser field by varying
intensity and time duration of the laser pulse.
Unlike [32] in this manuscript we show that
how an inhomogeneous three color laser field
distributes the wave packet all over the
calculation window and how an absorption
function results in smoother plateau, distinct
harmonic frequencies and shorter attosecond
pulses. While neglecting absorption potential
leads to more modulated power spectrum. Our
simulations in ionization probability approves
the results of [33]. The goal of this manuscript
is what [34] have done. In both [34] and this
paper, plasmonic fields are taken into account.
Yavuz et al. enhanced the harmonic yield by
increasing the internuclear distance but we
enhance it by applying the forth order
polynomial nonlinear inhomogeneity function
to the laser field.

1 d2
H0 = −
+ Vcoulomb ( z )
2 dz 2

(2)

H = H 0 + Vint ( z, t )

(1)

The Coulomb potential in the z direction is:
Vcoulomb =

1
1
−
2
1/ 2
(( z − R / 2) + a)
(( z + R / 2) 2 + a)1/ 2

Vint = E (t ).z

(4)
(5)

where a is a parameter that allows avoiding
singularities at the origins and is chosen to be
a=1.5 atomic unit (a.u.) in our calculations to
produce energy eigenvalue of our interest in
the absence of the laser field. Increasing the
value of a, results in a smoother potential and
a higher energy for the 1-D model of H2+ and
consequently, in a more spread out initial wave
packet [20].

All calculations in this manuscript are based
on atomic units unless is stated.

The electric field is:
3

E (t ) =  E0i cos(i t + i ) f (t )
i =1
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in which E 0i is the amplitude of the laser
field, i is angular frequency, i is the carrier
envelope phase, f (t ) is the envelope of the
laser pulse and is set to be:
2

t  
f (t ) = exp  −2 ln 2   

  i  

B.
Results and Discussion
In this paper we simulate the generation of an
isolated attosecond pulse by solving the time
dependent one dimensional Schrӧdinger
equation (1-D TDSE) for H2+ molecule ion
under the Born-Oppenheimer approximation
(BO). The BO scheme is used in fixed nuclei
approximation. As the time dependent wave
function is used in all of our calculations, it is
necessary to balance the laser parameters in a
way that give a more stable wave function.
First, for a monochromatic laser field, we tried
 = 3 fs,  = 5 fs and  = 10 fs time durations.
 is the duration of time in which laser pulse
is driven. Figs. 1-3 show the structure of their
corresponding laser fields (in part a) and their
wave packets (in part b). Other parameters of
the laser pulse are given in the first row of
Table 1. While an atom or molecule is exposed
to a laser field, its wave packet alters with
time. This is why we solve Schrodinger
equation. When we plot the wave packet we
can see that it distributes all over the window.
E. g., look at the pink line in Fig. 1(b). In this
picture one can see that at the first time steps
of the laser oscillation (pink line), when the
amplitude of laser is not strong enough to
spread the wave packet, the population is
greater (in the color bar we can see that red
color shows the maximum). While time goes
on and electric field gets more intensity, the
wave packet starts spreading in space. In the
temporal range from -150 a.u. to -50 a.u.,
wave packet spread left. In -50 a.u., when laser
field changes direction, the wave packet
changes direction to the right. Any time that
laser changes direction, wave packet changes
direction too. Imagine when wave packet
reaches the wall (+100 a.u.), it would be
reflected back to the middle of the window and
destroy the wave packet structure. But, this
reflection is a result of our numerical
calculation and has no physical meaning.
Because of this, it is better to omit such
spurious reflections. There are several ways to
eliminate this problem e.g. using wide spatial
windows, using mask functions, or using
absorption potentials. In this manuscript we
chose the third solution. So, we add an
absorption potential to the potential expression

(7)

where  is the time duration of the envelope.
In equation 6, i = 1 represents the main field,
with i = 2 we have the first controlling field
and with i = 3 we have the second controlling
field.
According to the Ehrenfest theorem we have
the dipole acceleration as follows:
a(t ) =  ( z, t )

−dVcoulomb
+ E (t )  ( z, t )
dz

(8)

By calculating the Fourier transformation of
the induced dipole acceleration ( a (t ) ), the
power spectrum of high harmonics ( p( ) ) is
achieved.
p( ) =  a(t )e−it dt

(9)

In spectral range, the spectrum of high
harmonics is displayed. One of the most
important features of this process is the
creation of the power spectrum, which drops
down on the first harmonics, creating a plateau
region, consisting of harmonics with mostly
the same intensity and finally, an abrupt cutoff
at the end of the curve [30]. By filtering
several harmonics, isolated attosecond pulses
are exhibited. Eq.10 represents the time profile
of attosecond pulses, in which q is the
harmonic order and is chosen from harmonics
near the cutoff region.
2

I (t ) =

a e

iqt

q

(10)

q

where aq is given by:
aq =  a(t )e −iqt dt

(11)
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( Vcoulomb + Vint ) of the Hamiltonian [21]. The
orange line in Fig. 1(b) shows the structure of
the absorption potential. It is clear that when
the wave packet reaches the absorption
potential, as is seen in Fig. 1(b) in times
around 100 a.u., it would be absorbed.

stable. But in Fig. 2(b), (τ=5) the wave packet
expands to -200 a.u. to 200 a.u. Similar to
Figs. 1(b) and 2(b), in Fig. 3(b) we observe
more expansion of the wave packet. We
prognosticate that we can have a better and
more efficient harmonic spectrum from the
first wave packet with  = 3 fs because it is
more stable than the others. Our assertion is
approved in [31]. Therefore we use the 3 fs
(∼124 a.u.) laser pulse for the rest of our work.

Fig. 1. (a). One color laser field (blue solid line)
with a Gaussian envelope (red dashed line) and (b).
Its corresponding wave packet for  = 3 fs . The
orange line determines the absorption potential. The
pink line shows electric field.

Fig. 2. (a). One color laser field (blue solid line)
with a Gaussian envelope (red dashed line) and (b).
Its corresponding wave packet for  = 5 fs .

The absorption potential is as follows:

Vabsorb



 z − z1 
 −iV0 

=
 z2 − z1 

0

z1  z  z2

The emitted attosecond pulse energy is
measured by c  I  2 , we understand that
higher laser intensity and longer laser
wavelength gives higher cutoff energy. By
adding the first controlling field to the main
field, the harmonic cutoff is extended and the
harmonic yield is enhanced by about 2-3
orders of magnitude compared to one color
laser field [32]. So, in order to have a more
optimized laser pulse, we add two controlling
fields to previously introduced laser field. The
parameters of this three color laser field is
given by Table 1.

(12)

otherwise

We can choose the optimized time duration
from the time dependent wave function
spectrum. It is clear from Figs. 1-3 that the
probability density around the nuclei in the
first figure (in which  = 3 fs ) is stronger and
wave packet is more stable than others. From
Fig. 1(b) we can see that in -100 to +100 a.u.
(of space), wave packet is stronger and more
138
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interaction the electron is trapped in one of the
two potential wells with equal chances. By
analyzing the structure of the wave packet, we
see that when the strong laser field emits the
molecule, the electronic wave packet near one
nuclei is propagated in the temporal axis
following the laser field, and spread in the
spatial axis. When this wave packet reaches
the second core’s wave packet, makes it
propagate and distribute just like the other one
(look at Fig. 1(b)). This means that the
electron is accelerated from one core to the
other directly by the laser field at an internuclear distance (R) [13]. While the internuclear distance increases, the binding energy
decreases. In contrast we can say that when the
time goes on, the population probability in the
excited state will be increased. As a result, the
electron will be ionized with a higher percent
probability. Nuclear motion and charge
resonance enhances ionization at distances
larger than the equilibrium distance [22]-[24].

Fig. 3. (a). One color laser field (blue solid line)
with a Gaussian envelope (red dashed line) and (b).
Its corresponding wave packet for  = 10 fs .
Table 1. Parameters of the laser field

(

Main field
First
controlling
field
Second
controlling
field

)

 (nm)

 (rad )

 ( fs)

10

800



3

1.2 1014

2000

0

5

1.5 1014

2200

I Watt cm 2
14

−


2

10

In the next step the ionization probability at
several inter-nuclear distances (R) are
calculated and demonstrated in Fig. (4).
This figure shows that, by increasing the internuclear distance the ionization probability will
enhance. Similarly in [33] the variation of the
ionization rate while changing R has been
investigated. The results show that by
enhancing the value of R the ionization will
increase. In H2, both of electrons move around
the two cores. In H2+ case, the single electron
moves around the two nucleus. So, the
electron binds to both of the cores. In better
words, it sustains a high binding energy. Thus,
in molecular case without the laser field

Fig. 4. (a). Variation of the ionization probability
of the H2+ 1-D model electron with time at different
inter-nuclear distances obtained under the influence
of a three color laser pulse and (b). This figure is
the zoom in case for R=7-10.

The HHG spectra of H2+ under homogenous
three color laser field at R=1.96, 2, 5, and 8
(a.u) are shown in Fig. (5). The related
parameters of the laser field are the same as
Table 1. The inter-nuclear distance directly
influences high harmonic generation spectrum.
It is obvious from Figs. 5(a-d) that the
variation of R influences the plateau region
and disturbs the plateau. We can also see the
139
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shortening of the supercontinuum while
widening R but cutoff harmonics are
approximately the same for all of the distances
[34]. We can see that at 5 a.u. inter-nuclear
distance and even larger than that, modulation
of plateau increases, while at shorter distances,
especially at equilibrium separation, we have a
softer plateau. As we said before, this is
because of the instability in wave packet for
large inter-nuclear distances. So, the wave
packet has a direct influence on high harmonic
spectrum.

Fig. 5. High-order-harmonic spectra produced by
H2+ molecule under homogenous three color laser
field at (a). R=1.96 (a.u.), (b). R=2 (a.u.), (c). R=5
(a.u.) and (d). R=8 (a.u.).

For large values of R, the wave packets are so
unstable. While, for small values of R, wave
packets are relatively more stable, [15] clearly
shows this claim.
To achieve these harmonic spectra we need
laser fields with intensities equal to
(1013 − 1015 ) Watt cm2 . But we know that
these kinds of fields are very scarce and
expensive. So they are not available in all
laboratories [19]. Therefore we need to
amplify reachable laser fields (with intensities
approximately equal to 1011 Watt cm 2 ) in
order to produce attosecond pulses. To do so,
using nanostructure properties might be
helpful [29]. For this purpose we illuminate
the bowtie nanostructure with a laser field. In
this condition the field polarizes the atoms in
the metal, and as a result, a cloud of negative
charges is created on the surface of the metal.
Concentration of these electron charges makes
a plasma environment on the surface. Under
the influence of incident field, free electrons
start oscillation. Since conduction electrons
can be thought of as harmonic oscillators, they
are quantized in a similar fashion. Just as a
photon is a quantum of oscillations of field,
the plasmon is a quantum of electron
accelerations in a metal [28]. In the result of
illumination of an electric field, the plasmons
on the surface start oscillation. When the
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H nonlin. ( z ) = 2 − 2 10−18 z + 3.110−5 z 2 +

plasmon mode couples to the incident field,
the field enhances up to 20–40 dB [29]. So, by
the illumination of a 1011 Watt cm 2 laser field,
one
can
achieve
an
intense
13
15
2
(10 − 10 ) Watt cm field, which is the

3.110−22 z 3 − 5.3 10−10 z 4

In which E (t ) is the time dependent laser field
which gets space dependency with the
inhomogeneity
function
H lin./ nonlin. ( z ) .
H linear ( z ) is the linear inhomogeneity function

threshold to produce HHG.
Downloaded from ijop.ir at 11:15 +0330 on Monday November 30th 2020

(15)

which depends only on z.  is the coefficient
1
of inhomogeneous function and equals  =
g
[25],[26], where g is the gap size (in atomic
units).
H nonlin. is the nonlinear inhomogeneous
function which consist of higher powers of z.
In this work, we have applied the forth order
polynomial function with the 16nm gap size
that authors of [27] have obtained by FDTD
simulation.

Fig. 6. (a). Linear inhomogeneous three color laser
field. (b). Its High-order-harmonic spectra produced
by the H2+ .

The bowtie nanostructure consists of two
triangular gold pads with a gap size between
the two vertices. When the laser field is
emitted to the gap size, a hot spot of intense
field appears. But this field is not
homogeneously distributed in the gap because
in the vicinity of the nanostructure, the field’s
strength is greater than in the middle of the
gap. So, the inhomogeneous laser field is as
following:
E ( z, t ) = E (t )  H lin./ nonlin. ( z )

H linear ( z ) = 1 +  z

(13)
Fig. 7. (a). Nonlinear inhomogeneous three color
laser field. (b). Its High order harmonic spectrum
produced by the H2+ .

(14)
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As a comparison, Fig. 7(a) shows that the
electric field is more amplified while the
nonlinear inhomogeneity function is applied
[21]. Since the amplitude of the pulse is
greater a higher cutoff frequency is
expected (as a result of c  I  2 ). As it is
observed in Figs. 6(b) and 7(b), the first cutoff
in the nonlinear case is 69 orders greater than
the linear case. The cutoff order in the second
plateau of linear case is on 135th order and it is
enhanced to 173th order in the nonlinear case.
Despite of the enhancement in first and second
cutoff orders, the efficiency of the power
spectrum in the nonlinear case is enhanced
more. In the linear inhomogeneous case the
yield of the first plateau is -5, but in nonlinear
case it is -0.5. Similarly, in the second plateau,
the efficiency in linear case is -7.5, while in
nonlinear case it is -4. By superposing 60
harmonics of the power spectrum’s plateau
of nonlinear inhomogeneous case near the
cutoff vicinity we obtain a 73 as laser pulse
as is shown in Fig. (8).

wave packets, the 3 femtosecond time duration
is chosen in this work.
We study the ionization probability to
investigate the effect of the nuclear distance on
its spectrum and we find out that by increasing
the nuclear separation the ionization
probability enhances. When an electron is
bounded to the two cores in their shortest
inter-nuclear distance, electron confronts a
higher bounding energy but when the cores
start separation, the bounding energy
decreases. So, electron can be ionized faster.
Therefore, we can assert that the larger the
inter-nuclear distance is, the greater the
ionization probability will be.
By plotting the linear and nonlinear
inhomogeneous fields we find out that in
nonlinear inhomogeneous case, cutoff order
shows a higher frequency because it provides
a longer acceleration time for the oscillating
electron. So, cutoff occurs on higher
frequency.
By superposing several harmonics near cut off
region, we obtain an isolated 73 attosecond
pulse.
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